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About the Year 12 Mock Examinations

There will be two 1.5-hour examinations which may can contain content from any of the
topics you have studied this year.

These questions are taken from specimen papers with topics which we have not covered yet
removed. Hence the question numbers will not be consecutive.

You will be allowed a calculator for both papers. Note that AQA’s guidance on calculator use
is as follows and we shall also apply this in the Year 12 mocks:

“If students are asked to "show" or "justify" something, they may need to write
more working, but otherwise our attitude will be to expect that students will use
whatever calculator functionality they have available.”

You should take these examinations seriously as they are an important indication of your
progress during Year 12. However, they are not the only factor that your teacher will
consider when predicting grades for UCAS and your performance across the year and at the
beginning of Year 13 will also be considered.

About this Booklet

These questions are taken from specimen papers with topics which we have not covered yet
removed. Hence the question numbers will not be consecutive.

Every effort has been made to ensure that only questions which have been covered on the
Year 12 K.E.S. syllabus have been included. However, there may be some which have slipped
through the net. If you are unsure, then please ask your teacher.

To condense the size of the booklet, the answering space for the questions is not as it would
be in an exam. Therefore, if your answer is too long then don’t worry; you would have more
room in the real thing.

Other Useful Resources

There are resources on Moodle, including notes interwoven with questions and topic tests
from AQA.

If you want more practice at exam-style questions you can look at past papers from the FP1
— FP4 modules for the old Further Maths A-Level. You will know most, but not all, of the
topics on those papers and you should bear this in mind when you encounter something
unfamiliar.

If you have a textbook, then you will also find explanations and additional exercises
contained therein.



Topics covered during Year 12

Vectors

e Understand and use the vector and Cartesian forms of an equation of a straight line in 3D.

e Understand and use the vector and Cartesian forms of the equation of a plane.

e (Calculate the scalar product and use it to calculate the angle between two lines, to express
the equation of a plane, and to calculate the angle between two planes and the angle
between a line and a plane.

e Check whether vectors are perpendicular by using the scalar product.

e (Calculate and understand the properties of the vector product. Understand and use the
equation of a straight line in the form (r — a) x b = 0. Use vector products to find area of a
triangle.

e Find the intersection of a line and a line. Find the intersection of a line and a plane. Calculate
the perpendicular distance between two lines, from a point to a line and from a point to a
plane.

Matrices

e Add, subtract and multiply conformable matrices; multiply a matrix by a scalar.

e Understand and use zero and identity matrices.

e Use matrices to represent linear transformations in 2D; successive transformations; single
transformations in 3D (3D transformations confined to reflection inone of x =0, y = 0,
z = 0 orrotation about one of the coordinate axes)

e Find invariant points and lines for a linear transformation.

e (Calculate determinants of 2 x 2 and 3 x 3 matrices and interpret as scale factors, including
the effect on orientation.

e Understand and use singular and non-singular matrices; properties of inverse matrices.
Calculate and use the inverse of non-singular 2 x 2 matrices and 3 x 3 matrices.

e Solve three linear simultaneous equations in three variables by use of the inverse matrix.

e Interpret geometrically the solution and failure of solution of three simultaneous linear
equations.

e Factorisation of determinants using row and column operations.

e Find eigenvalues and eigenvectors of 2 x 2 and 3 x 3 matrices. Find and use the characteristic
equation. Understand the geometrical significance of eigenvalues and eigenvectors.

e Diagonalisation of matrices; M = UDU~Y; M™ = UD™U~1; when eigenvalues are real.

Complex Numbers

e Solve any quadratic equation with real coefficients; solve cubic or quartic equations with real
coefficients (given sufficient information to deduce at least one root for cubics or at least
one complex root or quadratic factor for quartics). Know and use the function e* and its
graph.

e Add, subtract, multiply and divide complex numbers in the form x + iy with x and y real;
understand and use the terms ‘real part’ and ‘imaginary part’

e Understand and use the complex conjugate; know that non-real roots of polynomial
equations with real coefficients occur in conjugate pairs.

e Use and interpret Argand diagrams.



Proof

Convert between the Cartesian form and the modulus-argument form of a complex number.
Multiply and divide complex numbers in modulus-argument form.

Construct and interpret simple loci in the Argand diagram such as |z — a| > r and
arg(z—a) =0.

Understand de Moivre’s theorem and use it to find multiple angle formulae and sums of
series.

Know and use the definition e?® = cos 6 + i sin @ and the form z = re
Find the n distinct n th roots of re’? for r # 0 and know that they form the vertices of a
regular n -gon in the Argand diagram.

Use the complex roots of unity to solve geometric problems.

i

Construct proofs using mathematical induction; contexts include sums of series, divisibility,
and powers of matrices.

Further Algebra

Understand and use the relationship between roots and coefficients of polynomial
equations up to quartic equations.

Form a polynomial equation whose roots are a linear transformation of the roots of a given
polynomial equation (of at least cubic degree).

Understand and use formulae for the sums of integers, squares and cubes and use these to
sum other series.

Understand and use the method of differences for summation of series including use of
partial fractions.

Find the Maclaurin series of a function including the general term.

Recognise and use the Maclaurin series for e* , In(1 + x) , sinx , cosx,and (1 + x)", and
be aware of the range of values of x for which they are valid (proof not required).
Evaluation of limits using Maclaurin series or I'Hopital's rule.

Further Functions

Inequalities involving polynomial equations (cubic and quartic).

. . L. ax+b
Solving inequalities such as
cx+d

Modulus of functions and associated inequalities.

1 .
Graphsof y = |f (x)|,y =mforg|veny = f(x)
ax+b

Graphs of rational functions of form gy asymptotes, points of intersection with

coordinate axes or other straight lines; associated inequalities.
ax?+bx +c
dx2+ex+f’
coefficients are zero; oblique asymptotes.

Using quadratic theory (not calculus) to find the possible values of the function and

ax?+bx+c
dx2+ex+ f

< ex + f algebraically.

Graphs of rational functions of form including cases when some of these

coordinates of the stationary points of the graph for rational functions of form

v _
— = 1,xy =
c? including intercepts with axes and equations of asymptotes of hyperbolas.

2 2 2
Sketching graphs of curves with equations y? = 4ax, % + % =1, Z—Z



e Single transformations of curves involving translations, stretches parallel to coordinate axes
and reflections in the coordinate axes and the lines y = + x . Extend to composite
transformations including rotations and enlargements.

Numerical Methods

e Mid-ordinate rule and Simpson’s rule for integration.
e Euler’s step by step method for solving first order differential equations.
e Improved Euler method for solving first order differential equations.

Yr41 = Yr—1 T 2Rf(Xp,3r)  Xpp1 =Xt h

Hyperbolic Functions

e Understand the definitions of hyperbolic functions sinh x , cosh x and tanh x, including
their domains and ranges, and be able to sketch their graphs.

e Understand the definitions of hyperbolic functions sech x , cosech x and coth x, including
their domains and ranges.

e Differentiate and integrate hyperbolic functions.

e Understand and be able to use the definitions of the inverse hyperbolic functions and their
domains and ranges.

e Derive and use the logarithmic forms of the inverse hyperbolic functions.

1 1
e Integrate functions of the form(x? + a?) 2 and (x? — a?) "2 and be able to choose

substitutions to integrate associated functions.
sinh x

e Understand and use tanh x =

coshx
e Understand and use cosh? x — sinh? x = 1; sech? x = 1 — tanh? x and cosech?x =

coth? x — 1, cosh 2x = cosh? x + sinh? x, sinh 2x = 2 sinh x cosh x
e Construct proofs involving hyperbolic functions and identities.

Polar Coordinates
e Understand and use polar coordinates and be able to convert between polar and Cartesian
coordinates.
e Sketch curves with r given as a function of 8, including use of trigonometric functions.



Answer ALL questions. Write your answers in the spaces provided.
1. f(z) =2z +pz2+qz—15
where p and ¢ are real constants.

Given that the equation f(z) = 0 has roots

a, > and (a+2—1)
a a
(a) solve completely the equation f(z) =0

)
(b) Hence find the value of p.

(@)

J
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2. The plane I7 passes through the point 4 and is perpendicular to the vector n

Given that
5 3
(ﬁ =1-3 and n=|-1
-4 2

where O is the origin,

(a) find a Cartesian equation of /7 .

(2)
With respect to the fixed origin O, the line / is given by the equation
7 -1
r=| 3|+4]|-5
-2 3
The line / intersects the plane /7 at the point X.
(b) Show that the acute angle between the plane /7 and the line / is 21.2° correct to
one decimal place.
4)
(¢) Find the coordinates of the point X.
“4)

\.

J
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3. Tyler invested a total of £5000 across three different accounts; a savings account,
a property bond account and a share dealing account.

Tyler invested £400 more in the property bond account than in the savings account.
After one year

* the savings account had increased in value by 1.5%
* the property bond account had increased in value by 3.5%
* the share dealing account had decreased in value by 2.5%

» the total value across Tyler’s three accounts had increased by £79

Form and solve a matrix equation to find out how much money was invested by Tyler in
each account.

(7

\. J
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4. The cubic equation

has roots a, f and y.

Without solving the equation, find the cubic equation whose roots are (& — 1), (f — 1)

xX*+3x2—-8x+6=0

and (y — 1), giving your answer in the form w? + pw? + gw + r = 0, where p, ¢ and r are

integers to be found.

)

J
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5 o[ —3
N
(a) Show that M is non-singular.
(2)
The hexagon R is transformed to the hexagon S by the transformation represented by the
matrix M.
Given that the area of hexagon R is 5 square units,
(b) find the area of hexagon S.
1)
The matrix M represents an enlargement, with centre (0, 0) and scale factor £,
where k£ > 0, followed by a rotation anti-clockwise through an angle 6 about (0, 0).
(¢) Find the value of £.
(2)
(d) Find the value of 6.
(2)
. J
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6. (a) Prove by induction that for all positive integers 7,

Y= %n(n +DR2n+1)
r=1

(6)

(b) Use the standard results for Zr3 and Zr to show that for all positive integers n,

r=1 r=1

rz:(r(r +6)(r —6) = %n(n +1)(n—-8)(n+9)
4)

(¢) Hence find the value of » that satisfies

ir(r +6)(r —6) = 17&4;’2

XX X XK /\‘/ < o 3
w-?',u{ TERRIE S CISE R S 7
18 b SHE LN ALEY XK IO

SO

%
i

5'0*"'2"%0

5
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X,

_ J s
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8. (a) Shade on an Argand diagram the set of points
. T LT
{ze(C:|z—41|<3}m{zE(C:—E<arg(z+3—41)<z}
(6)
The complex number w satisfies
lw—4i| =3
(b) Find the maximum value of argw in the interval (-, 7].
Give your answer in radians correct to 2 decimal places.
(2)
. J
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9. An octopus is able to catch any fish that swim within a distance of 2m from the octopus’s

position.

A fish F swims from a point 4 to a point B.

The octopus is modelled as a fixed particle at the origin O.

Fish F is modelled as a particle moving in a straight line from 4 to B.

Relative to O, the coordinates of 4 are (-3, 1, —7) and the coordinates of B are (9, 4, 11),
where the unit of distance is metres.

(a) Use the model to determine whether or not the octopus is able to catch fish F.

(7)
(b) Criticise the model in relation to fish F.

1)
(c) Criticise the model in relation to the octopus.

1)

\.

J
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Paper 1: Core Pure Mathematics Mark Scheme

Question Scheme Marks ‘ AOs ‘
1(a) (5)( 5 ) M1 | L1b
al—||a+—=-1|=15
a a Al 1.1b
:>5a+§—5=15 S>a-4a+5=0
a
P Y M1 3.1a
S U LC) SR I S S
2(1)
>a=2%i Al 1.1b
Hence the roots of f(z)=0 are 2+1,2—1 and 3 Al 22a
)
(b) p=—("@+D"+"2-D)"+"3") = p=.. Ml | 3.1a
= p=-7 cso Al 1.1b
2
1(b) alternative
f(z)=(z=-3)z"-4z+5=>p=.. M1 3.1a
= p=-T7 cso Al 1.1b
2
(7 marks)
Notes:
(@)
M1: Multiplies the three given roots together and sets the result equal to 15 or —15
Al: Obtains a correct equation in «
M1: Forms a quadratic equation in ¢ and attempts to solve this equation by either completing
the square or using the quadratic formula to give o = ....
Al: a=2+%i
Al: Deduces the rootsare 2+1i,2—1i and 3
(b)
M1:  Applies the process of finding — Z(of their three roots found in part (a)) to give p=...
Al:  p=-7 by correct solution only
(b) Alternative
M1: Applies the process expanding (z —"3")(z — (their sum)z + their product) in order to find p = ...
Al:  p=-7 by correct solution only
Pearson Edexcel Level 3 Advanced Subsidiary GCE in Further Mathematics - Sample Assessment Materials -
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Question Scheme Marks ‘ AOs ‘
2(a) (3) (5)(3)
re| —1[=[-3|e| -1 M1 1.1b
2 -4 2
3x—y+2z=10 Al 2.5
2)
(b) (3) (1)
-1 |o] =5 |=8 Bl 1.1b
2 3
VOP (=12 +(2) (=Y + (=57 +(3)* cosar ="=3+5+6" Ml | Llb
6=90" — arccos __8 or sind 8 Ml 2.1
V4 435 V4 435 '
€ =21.2° (1dp) * cso Al* 1.1b
“
© 3(7T-4)—3-5A)+2(-2+32)=10= A=... M1 3.1a
1
A=—-= Al 1.1b
2
7 -1
— 1
oX=| 3|-=|-5|=|.. M1 1.1b
-2 3
X(7.5,5.5,-3.5) Alft | 1.1b
4
(10 marks)
Notes:
(@)
MI1: Attempts to apply the formula r.n = a.n
Al: Correct Cartesian notation. e.g. 3x—y+2z=10 or -3x+ y—-2z=-10
Note: Do not allow final answer given as r+(3i — j+ 2k) =10, o.e.
®
Bl: OAn=8
M1: An attempt to apply the correct dot product formula between n and d
M1: Depends on previous M mark. Applies the dot product formula to find the angle between
17 and [
Al*: 21.2° cso
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Question 2 notes continued:

(©)

M1: Substitutes / into // and solves the resulting equation to give A= ...
Al: )= 1 0.€.
2

M1: Depends on previous M mark. Substitutes their A into / and finds at least one of the
coordinates
Alft: (7.5,5.5,-3.5) but follow through on their value of 4
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3 x = value of savings account, y = value of property bond account, Mi 3 1b
z = value of share dealing account

x+y+z=5000

x+400=y Al 1.1b

0.015x + 0.035y - 0.0252 =79 or 1.015x +1.035y + 0.975z = 5079

( 1 1 1 A 1 1 1 )
Let A = 1 -1 0 or 1 -1 0
0.015 0.035 —0.025 1.015 1.035 0.975
(1 o1 ) fsooo\ Ml | 3.1a
e.g. y -400
0015 0035 —0025 - Al 1.1b
-1
x\ 1 o) so00 ) ()
y —400 M1 | L.1b
. 0015 0035 —0025
(1800 )

y | =] 2200 Al | L.1b
- 1000

Tyler invested £1800 in the savings account, £2200 in the property bond

account and £1000 in the share dealing account Alft 3.2a
(7 marks)
Notes:
M1: Attempts to set up 3 equations with 3 unknowns
Al: At least 2 equations are correct with the appropriate variables defined
. X
M1: Sets up a matrix equation of the form, e.g.| ... ... .||y |=|...|, where “...” are
z
numerical values
Al: Correct matrix equation (or equivalent)
([ 5000 )
M1: Depends on previous M mark. Applies (their A)™'| their "-400" | and obtains at least one
their "79"

value of x, y or z
Al:  Correct answer
Alft: Correct follow through answer in context
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Question Scheme Marks AOs ‘

4 (w=x-1=}x=w+l Bl 3.1a
W+1 +3(w+1)> —8(w+1)+6 =0 Ml 3.1a
W 43w 43w+ 143w +2w+1)—8w—-8+6=0
M1 1.1b
wrew +w+2=0 Al 1.1b
Al 1.1b
(&)
Alternative
a+f+y==3.af+fy+ay=-8 afy=-6 Bl | 3.la
sumroots= o —1+ [ —-1+y -1
=a+pf+y-3=-3-3=-6
pairsum = (@ -1)(#-1) + (@ =D(y -1 + (F-D(y-1)
=af+ay+ pfy-2a+p+y)+3
Ml 3.1a
=-8-2(-3)+3 =1
product = (¢ = )(f-D(y = 1)
= afy —(af +ay + fy)+(a+p+y) -1
=—6-(-8)-3—-1==2
M1 1.1b
WHow +w+2=0 Al 1.1b
Al 1.1b
(©))
(5 marks)
Notes:
Bl: Selects the method of making a connection between x and w by writing x = w+1
M1:  Applies the process of substituting their x = w+1 into x’ +3x*-8x+6 =0
M1:  Depends on previous M mark. Manipulating their equation into the form
W+ pw +qw+r =0
Al: At least two of p, ¢, r are correct
Al: Correct final equation
Alternative
Bl: Selects the method of giving three correct equations each containing «, £ and y
M1:  Applies the process of finding sum roots, pair sum and product
M1:  Depends on previous M mark. Applies
w’ — (their sum roots)w” + (their pair sum)w — theirafy = 0
Al: At least two of p, g,  are correct
Al:  Correct final equation
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Question Scheme Marks ‘ AOs ‘

@ | detov) = (1)(1) - (V) -3) Ml | Lla
M is non-singular because det(M) =4 and sodet(M) = 0 Al 2.4
(2)
(b) Area(S) =4(5)=20 BIft | 12
1)
(©) . \/(1)(1) _ (@)(_ﬁ) Ml | L.1b
=2 Alft 1.1b
(2)
d
@ cos<9=% or sin9=§ or tan9=\/§ M1 1.1b
0 =60°0r = Al | Llb
(2)
(7 marks)
Notes:

()
M1:  Anattempt to find det(M).

Al: det(M) = 4 and reference to zero, e.g. 40 and conclusion.

(b)

B1ft: 20 or a correct ft based on their answer to part (a).

©

Ml1:  /(their detM)

Alft: 2

(d)

M1: Either cosd = ; or sinfd = \/; or tanf = \/E
(their k) (their k)

Al: 6 =60 or % Also accept any value satisfying 360n + 60°, ne€Z, o.e.
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Question Scheme Marks ’ AOs
6(a ! | |
(@) n=1, Y r’=1 and %n(n+1)(2n+1) = %(l)(Z)(3) =1 B1 2.2a

r=1
Assume general statement is true for n=k
k
So assume Y r’ = %k(k +1)(2k +1) is true Mi 2.4
r=1
k+1 1
Y= gk(k+1)(2k+1) + (k+1) Ml 2.1
r=1
:%(k+1)(2k2 +7k +6) Al 1.1b
=%(k+l)(k+2)(2k+3) = %(k+1)({k+1}+1)(2{k+1}+1) Al 1.1b
Then the general result istrue for n=k +1
As the general result has been shown to be true for n =1, then the Al 2.4
general result is true for all n e Z*
(6)
b n n
®) D r(r+6)(r-6) =Y (’ = 36r)
r=1 r=1
M1 2.1
= l;12(;1 +1) - ﬁn(n +1)
4 2 Al 1.1b
=%n(n+l)[n(n+1)—72] M1 1.1b
:%n(n+l)(n—8)(n+9) * cso Al* 1.1b
4
© %n(n+1)(n—8)(n+9) =%n(n+l)(2n +1) Ml | L1b
1 17
Z(n—8)(n+9):?(2n+l) M1 1.1b
3n* =651 —250=0 Al 1.1b
@Bn+10)(n—25)=0 Ml 1.1b
(As n must be a positive integer,) n =25 Al 2.3
(©))
(15 marks)
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Question 6 notes:

()
B1:  Checks n=1 works for both sides of the general statement
M1:  Assumes (general result) true for n=%

M1: Attempts to add (k+ 1) term to the sum of k terms

Al:  Correct algebraic work leading to either %(k +D(2K* + 7k +6)
or %(k +2)(2k* +5k +3) or %(Zk +3)(k* +3k+2)

Al:  Correct algebraic work leading to %(k + D+ 1+ DK +13+1)

Al:  cso leading to a correct induction statement conveying all three underlined points

(b)

M1: Substitutes at least one of the standard formulae into their expanded expression
Al:  Correct expression

M1: Depends on previous M mark. Attempt to factorise at least n(n+1)having used

Al*: QObtains %n(n +1)(n—-8)(n+9) by cso

(©
M1: Sets their part (a) answer equal to 1%n(rz +D(2n+1)

M1: Cancels out n(n+1) from both sides of their equation
Al:  3n*-65n-250=0

M1: A valid method for solving a 3 term quadratic equation
Al:  Only one solution of n=25
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Question Scheme Marks ‘ AOs ‘

8(a) Ima
Ml 1.1b
Al 1.1b
M1 1.1b
Al 2.2a
> M1 3.1a
Re
Al 1.1b
(6)
(b) (argw) = Zs arcsin(ij Ml 3.1a
max 2 4
=2.42 (2dp) cao Al 1.1b
2)
(8 marks)
Notes:

()

M1: Circle

Al: Centre (0, 4) and above the real axis

M1: Half-line

Al: (-3, 4) positioned correctly and the half-line intersects the top of the circle on the y-axis

M1: Depends on both previous M marks Shades in a region inside the circle and below the
half-line

Al: cso

Note: Final A1 mark is dependent on all previous marks being scored in part (a)

(b)

M1: Uses trigonometry to give an expression for an angle in the

range (g, ﬂj or (90°, 180°)

Al: 242 cao
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Question

9(a)

Marks AOs

Scheme
9 -3 12 (4)
AB=| 4 |- 1 =| 3 or d=| 1 Mil 3.1a
11 -7 18 6
-3 12
{oF=r=1}] 1 |+4 3 M1 | Llb
-7 18
-3+12 12
{oFaB=0= 1} 1432 || 3 |=0
74182 || 18 dMm1 f 1.1b
=-36+1441+3+94-126+3241=0 = 4774-159=0
:,zzé Al | Llb
-3 12
{or=}| 1 +§ 3 (=] 2
-7 18 -1 dM1 3.1a
and minimum distance = \/(1)2 +(2)7 + (-1
=46 or 2.449... Al 1.1b
> 2, so the octopus is not able to catch the fish ¥ Alft | 3.2a
)
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Question

Scheme W ET
9(a) Alternative 1
9 -3 12 (4)
AB=1 4 |=| 1 =l 3 or d=| 1 M1 3.1a
11 -7 18 6
-3 12 -3 12
04 = 1 |and 4B=| 3 |= 1 |of 3 Mil 1.1b
-7 18 -7 18
((3)( 12)
Y IoT _7 18 dM1 1.1b
c0s0<= —— =
|OA .AB‘ V=3 4 (1) + (=77 AJ(12) +(3) +(18)?
cos 6 = -36+3-126 =159
V59477 59 Aa77
0 =161.4038029... or 18.59619709... or sin@ = 0.3188964021... Al 1.1b
minimum distance = J(—3)2 +(1)* +(=7)" sin(18.59619709...) dM1 | 3.1a
=+/6 or 2.449... Al 1.1b
> 2, so the octopus is not able to catch the fish F' Alft | 3.2a
(7)
9(a) Alternative 2
9 -3 12 (4)
AB=| 4 |-| 1 |[{=] 3 |} or d=| 1 Ml | 3.la
11 -7 18 6
-3 12
[oF=r=}| 1 |42 3 MI | 1.Ib
-7 18
—2
[OF| = (=3+122)" + (14 32)" + (=7 +182)’ dMIl | L.Ib
=9—T72A+1442% +1+ 64+ 94> + 49 =252 + 3241°
= 4772* - 3184 +59 Al L.1b
=533A-1+6 dM1 | 3.1a
minimum distance =«/g or 2.449... Al 1.1b
> 2, so the octopus is not able to catch the fish F' Alft | 3.2a
(7)
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9(b) e.g.

Fish F ' may not swim in an exact straight line from 4 to B
Fish F' may hit an obstacle whilst swimming from 4 to B
Fish F may deviate his path to avoid being caught by the octopus

B1 3.5b

()

e.g.
Octopus is effectively modelled as a particle — so we may need to
look at where the octopus’s mass is distributed B1 3.5b
Octopus may during the fish /’s motion move away from its fixed
location at O

)

(9 marks)

Question 9 notes:

(@)

M1:

Mi1:
M1:

Al:

M1:

Al:

Attempts to find OB —OA or OA— OB or the direction vector d

Applies OA + A(their AB or their BA or their d) or equivalent
Depends on previous M mark. Writes down
(their OF which is in terms of A)«(their 4B)=0. Can be implied

1 12 (4
Lambda is correct. e.g. 1= 3 for AB=| 3 |or A=1 for d:{ 1 J
18 6

Depends on previous M mark. Complete method for finding ‘O_F"
J6 or awrt2.4

Alft : Correct follow through conclusion, which is in context with the question

Alternative 1

(@)

Mi1:

M1:
M1:

Al:

M1:

Al:

Attempts to find OB - 04 or 04 - OB or the direction vector d

Realisation that the dot product is required between 04 and their 4B. (o.e.)

Depends on previous M mark. Applies dot product formula between 04 and their 4B

(o.e.)
6 =awrt 161.4 or awrt 18.6 or sin@ = awrt 0.319

Depends on previous M mark. (their O4)sin(their 8)
«/g or awrt 2.4

Alft : Correct follow through conclusion, which is in context with the question
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Question 9 notes continued:

(a)
Mi1:

Mi1:
Mi1:

Al:
M1:

Al:
Alft :

Alternative 2

Attempts to find 0B - 04 or 04— OB or the direction vector d
Applies 04 + Al(their AB or their BA or their d) or equivalent

Depends on previous M mark. Applies Pythagoras by finding ’ﬁr , 0..

‘O—F’z = 4772 = 3184 + 59

Depends on previous M mark. Method of completing the square or differentiating their
o
JE or awrt 2.4

Correct follow through conclusion, which is in context with the question

2
w.rt A

(b)
B1:

An acceptable criticism for fish F, which is in context with the question

(©)
B1:

An acceptable criticism for the octopus, which is in context with the question
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2. The value, ¥ hundred pounds, of a particular stock 7 hours after the opening of trading on
a given day is modelled by the differential equation

v V-t

E—tz-l_ﬂ/ 0<r<85

A trader purchases £300 of the stock one hour after the opening of trading.
Use two iterations of Euler's formula for approximating differential equations to estimate, to the

nearest £, the value of the trader’s stock half an hour after it was purchased.

(6)

oy 08
(4
RS
X
W v
& S
]
x, LA
]
i 9

e
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00
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-
3. Use algebra to find the set of values of x for which
1 X
—_— < —_—
x x+2
(6)
. J

Pearson Edexcel Level 3 Advanced Subsidiary GCE in Further Mathematics - Sample Assessment Materials -
Issue 1 - August 2017 © Pearson Education Limited 2017



4 )
5- y A D'
iagram not
drawn to scale
P
R
0 x
/
C
Figure 2
. 2 dy 2a
You may quote without proof that for the general parabola y* = 4ax, I =—
y
The parabola C has equation )? = 16x.
(a) Deduce that the point P(4p°, 8p) is a general point on C.
1)
The line / is the tangent to C at the point P.
(b) Show that an equation for / is
py=x+4p?
3)
The finite region R, shown shaded in Figure 2, is bounded by the line /, the x-axis and the
parabola C.
. . . . . . . 10
The line / intersects the directrix of C at the point B, where the y coordinate of B is 3
Given that p > 0
(c) show that the area of R is 36
®)
. J

“YIUY SIHLNI ILIEM IONOG
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Question 5 continued
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SECTION B

Answer ALL questions. Write your answers in the spaces provided.

6. Given that
31
6 4

A =

(a) find the characteristic equation of the matrix A.

(2)
(b) Hence show that A’ =43A —42I.

3)
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r

8. A curve C is described by the equation
|z -9+ 12i| = 2|

(a) Show that C is a circle, and find its centre and radius.
(b) Sketch C on an Argand diagram.

Given that w lies on C,

(c¢) find the largest value of a and the smallest value of 4 that must satisfy

a < Re(w)<b

C))

2

(@)
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M

10. A population of deer on a large estate is assumed to increase by 10% during each year

due to natural causes.

The population is controlled by removing a constant number, O, of the deer from the
estate at the end of each year.

At the start of the first year there are 5000 deer on the estate.
Let P, be the population of deer at the end of year n.

(a) Explain, in the context of the problem, the reason that the deer population is modelled
by the recurrence relation

P=11P _—Q. P,=5000, neZ

3)
(b) Prove by induction that P, = (1.1)" (5000 — 10Q) + 100, n >0

)
(c) Explain how the long term behaviour of this population varies for different values of Q.

2)

J
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Question 10 continued
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Question 10 continued
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Question 10 continued

(Total for Question 10 is 10 marks)

TOTAL FOR SECTION B IS 40 MARKS
TOTAL FOR PAPER IS 80 MARKS

J
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Question Scheme Marks AOs

2 £300 purchased one hour after opening = ¥, =3 and £, =1; . 33
B .
half an hour after purchase =, = 1.5, so step 4 required is 0.25
dv 3 -1
t, =LV =3 |—| = =2 .
s ) -5 M|
Vle0+h(d—VJ =3+0.25x2=... M1 1.1b
dr ),
=3.5 Alft | 1.1b
dv 3.5°-1.25 _ 176
[El T 1257 +1.25%3.5 (_ 95) ML | LI
v~ v+ h| 9] = 3.51025x 178 23.963..., 50 £396
dr ), 95 Al 3.2a
(nearest £)
6
(6 marks)

Notes:

B1: Identifies the correct initial conditions and requirement for /
M1: Uses the model to evaluate i—ljat Z,, using their 7, and v,

M1: Applies the approximation formula with their values
Alft: 3.5 or exact equivalent. Follow through their step value

MI1: Attempt to find [(;—V] with their 3.5
t

1

Al:  Applies the approximation and interprets the result to give £396
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Question Scheme Marks AOs
3 1 x
X x+2
+2)-x’
CH2D=X ) o x(x+2) —x'(x+2) <0 Ml | 21
x(x+2)
2
-x=2 =2)(x+1
¥ ox=2 oo CZDEED g e 22— x) 1) < 0 Ml | L.1b
x(x+2) x(x+2)
At least two correct critical values from —2,—1,0, 2 Al 1.1b
All four correct critical values —2,—1,0, 2 Al 1.1b
. . . Ml 2.2a
{xeR.x<—2}u{xeR.—1<x<O}u{xeR.x>2} Al 55
(6)
(6 marks)
Notes:
MI1: Gathers terms on one side and puts over common denominator, or multiply by x*(x+2)’
and then gather terms on one side
M1: Factorise numerator or find roots of numerator or factorise resulting in equation into 4
factors
Al:  Atleast 2 correct critical values found
Al: Exactly 4 correct critical values
M1: Deduces that the 2 “outsides” and the “middle interval” are required. May be by sketch,
number line or any other means
Al: Exactly 3 correct intervals, accept equivalent set notations, but must be given as a set
e.g. accept R — ([-2, -1] U [0,2]) or {xeR:x<~-2or ~1<x<0 or x>2|
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Question Scheme W ET S ‘ AOs
S@ |y =@8p) =64p" and 16x=16(4p’) = 64p° 51 | as
2a
— P(4p’, 8p) is a general point on C
1)
(b) dy dv 8
2 .
=16x =4,0r2y—=16g0 = =2 Ml 2.2a
y gives a or ydx S0 &y
z-y-8p=(i](x—4p2) Ml | Llb
: 8 .
leading to p=x+4p * Al* 2.1
3)
(© 10
B(-4,% into / = Tp:—4+4p2 Ml | 3.la
6p” =5p—6=0= 2p-3)3p+2)=0=>p=.. Ml 1.1b
3 3 3’
PZE and / cuts x-axis when 5(0)=X+4 > =>x=.. M1 2.1
x=-9 Al 1.1b
3 1 o1
p=s= P(9,12) = Area(R) =20 --9(12) - J' 4x7dx Ml | 21
0
L g Ml | Llb
I4x2dx = (+¢) or =x? (+c¢)
() 3 Al | 1.Ib
1 8( 2
Area(R)=E(18)(12) - 5 92 —0| =108—-72 = 36* Al* 1.1b
®)
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Question Scheme Marks AOs

5(c) Alternative 1
10
B(—4,%] into/ = Tp=—4+4p2 Ml | 3.la
6p° —5p—-6=0=Q2p-3)3p+2)=0 =>p=.. M1 1.1b
2
3 3 3
pzzintolgives Ey:x+4(5) => X=.. M1 2.1
3
x==y-9 Al 1.1b
2
3 "1, (3
p==2=P(9,12) > Area(R) = | |—»* —|=y-9]|dy Ml | 2.1
2 , 16 2
1, 3 1 5 3, M1 1.1b
—y —=y+9|dy=—y ==y " +9y (+
I(my 4 j y=gY T3t (+0) INEREET
1 s 3 a0
=|—12) ==12)" +9(12) |- (0
Area(R) (48( ) 4( ) ( )) () Al* 1.1b
=36-108+108 = 36 *
®)
5(c) Alternative 2
10
B[—4,?] into/ = Tp=—4+4p2 M1 3.1a
6p° =5p-6=0= Q2p-3)3p+2)=0 = p=.. M1 1.1b
3 _ 3 3)°
pza and [ cuts px-axis when E(O)=X+4 > =>x=.. Ml 2.1
x=-9 Al 1.1b
3 2
P:5:>P(9,12)andx=0 inl:y=§x+6 gives y =6
0 M1 2.1
1 2 L
= Area(R) =E(9)(6) + j ((Ex + 6) —[4x2ndx
0
o) 1 1 g 3 M1 1.1b
Zx+6-4x2 |dx = =x* + 6x — =x2 (+c¢
j[3 j 3 R Al 1.1b
Area(R) =27 + ((1(9)2 +6(9) —§(9%)) - (0))
3 3 Al* 1.1b
=27+R27+54-72) =27+9 =36*
(®)
(12 marks)
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Question 5 notes:

(@)
B1: Substitutes y, =8p into )* to obtain 64p” and substitutes x,=4 p2 into 16x to

obtain 64 p”and concludes that P lies on C

(b)

M1: Uses the given formula to deduce the derivative. Alternatively, may differentiate using

chain rule to deduce it

M1: Applies y —8p =m(x — 4p°), with their tangent gradient m, which is in terms of p.
Accept use of 8p =m (4p”) + ¢ with a clear attempt to find ¢

Al*: Obtains py=x+4p’ by cso

(©
: : 10 .

Mi1: Substitutes their x ="—g" and y = ? into /
Mi1: Obtains a 3 term quadratic and solves (using the usual rules) to give p =....
Mi1: Substitutes their p (which must be positive) and y = 0 into / and solves to give
X=..
Al: Finds that / cuts the x-axis at x = -9
Mi1: Fully correct method for finding the area of R

their x, 1

i.e. %(their xp —"=9")(their y,) - I 4x%dx
0
1 3
M1: Integrates +Ax? to give + x>, where A, 11+ 0
1 3

Al: Integrates 4x? to give %xz , simplified or un-simplified

Al1*: Fully correct proof leading to a correct answer of 36

() Alternative 1
10

M1: Substitutes their x = "—g" and Y = ? into /

M1: Obtains a 3 term quadratic and solves (using the usual rules) to give p =....
Substitutes their p (which must be positive) into / and rearranges to give x = ....

3
M1: Finds / as XZEJ’_9

Al: Fully correct method for finding the area of R

their yp 1 3
Ml: i.e. —y* —their| =y -9 ||d
L (léy (2y D g

M1: Integrates +Ay” uy £ v to give Ty’ £y + vy,where A, u, v, a0, B=0

1 3
Al: Integrates % V- (% Y- 9) to give EJ’S - Zy2 +9y, simplified or un-simplified

Al*: Fully correct proof leading to a correct answer of 36
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Question 5 notes continued:

(©

Mi1:

M1:
Mi1:
Al:

Mi1:

Mi1:

Al:

Al*:

Alternative 2

10
Substitutes their x = "—g" and ¥ =— into /

3

Obtains a 3 term quadratic and solves (using the usual rules) to give p=....

Substitutes their p (which must be positive) and y = 0 into / and solves to give x = ....
Finds that / cuts the x-axis at x = -9

Fully correct method for finding the area of R

their xp 1
i.e. %(their 9)(their 6) + J [their (%x + 6) - (4x2ndy
0

1 3
Integrates + Ax +u + vx? to give Tax’ +ux + Bx?,where A, u, v, a, B#0

1 3
Integrates (%x + 6) - (4x2) to give %xz + 6x — §x2 , simplified or un-simplified

Fully correct proof leading to a correct answer of 36
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Further Pure Mathematics 2 Mark Scheme (Section B)

Question Scheme Marks AOs
@ | consider et 3-2)(4-1)—6
onsider det =(3- —A)— M1 1.1b
PG
So A*—=7A+6=0 is characteristic equation Al 1.1b
(2)
So A’=7A-6l Bift | L.1b
(b) Multiplies both sides of their equation by A so A’ =7A’ —6A Ml 3.1a
Uses A°=7(TA-61)-6A  So A’ =43A—421* Al*cso | 1.1b
3)
(5 marks)
Notes:
()

M1: Complete method to find characteristic equation
Al:  Obtains a correct three term quadratic equation — may use variable other than A4

(b)

with constant multiple of identity matrix, I
M1: Multiplies equation by A
Al*: Replaces A’ by linear expression in A and achieves printed answer with no errors

B1ft: Uses Cayley Hamilton Theorem to produce equation replacing A with A and constant term
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Question Scheme Marks AOs
8(a) (x=9)+(y+12)> =4[x> + °] M1 2.1
3x% +3y° +18x — 24y —225=0 which is the equation of a circle Al* | 2.2a
As x>+ y*+6x-8y—-75=050 (x+3)* +(y—4)"=10° M1 1.1b
Giving centre at (-3, 4) and radius = 10 Alft 1.1b
@
(b)
1.1b
Ml
/ Al 1.1b
@
(c)
Values range from their — 3 —10 to their—3 + 10 Ml 3.1a
So —13<Re(w)<7 Alft 1.1b
@)
(8 marks)
Notes:
(@)
M1: Obtains an equation in terms of x and y using the given information
Al: Expands and simplifies the algebra, collecting terms and obtains a circle equation
correctly, deducing that this is a circle
M1: Completes the square for their equation to find centre and radius
Alft: Both correct
(b)
M1: Draws a circle with centre and radius as given from their equation
Al:  Correct circle drawn, as above, with centre at —3 + 4i and passing through all four
quadrants
(©)
M1: Attempts to find where a line parallel to the real axis, passing through the centre of the
circle, meets the circle so using “ their —3 —10” to “their -3 + 10”
Alft: Correctly obtains the correct answer for their centre and radius
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10(a) P _, is the population at the end of year n — 1 and this is
increased by 10% by the end of year 7, so is multiplied by Bl 313
110% = 1.1 to give 1.1xP_, as new population by natural ‘
causes
QO is subtracted from 1.1xP_, as O is the number of deer removed B1 34
from the estate '
So P =1.1P_,—Q, P =5000 as population at start is 5000 and B1 11b
neZ’ ‘
3)
(b) Let n=0, then £ =(5000—100)(1.1)° +100=5000 5o result Bl 51
is true when n =0
Assume result is true forn=k, F, =(1.1)*(5000—100) +10Q, then i 24
as 1)k+1 zlll)k _Q9 SO 1)k+1 = .
Pk+1=l.lxl.lk(SOOO—IOQ)+1.1><IOQ—Q Al 1.1b
So P, =(5000—100)1.1)*"" +10Q, Al | LIb
Implies result holds for » = k + 1 and so by induction
Bl 22
P =(5000—-10Q)1.1)"+10Q, is true for all integer n :
)
() For Q <500 the population of deer will grow, for O > 500 the
. . B1 3.4
population of deer will fall
For O = 500 the population of deer remains steady at 5000, B1 34
@
(10 marks)
Notes:
(@)
B1: Need to see 10% increase linked to multiplication by scale factor 1.1
B1: Needs to explain that subtraction of Q indicates the removal of O deer from population
Bl:  Needs complete explanation with mention of P, =1.1P,_ -0, P, =5000being the
initial number of deer
(b)
B1:  Begins proof by induction by considering n =0
M1: Assumes result is true for n = k and uses iterative formula to consider n =k + 1
Al: Correct algebraic statement
Al:  Correct statement for £ + | in required form
B1:  Completes the inductive argument
(c)
B1: Consideration of both possible ranges of values for Q as listed in the scheme
B1:  Gives the condition for the steady state
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Answer ALL questions. Write your answers in the spaces provided.

1. Prove that

z”: 1 _ n(an+b)
S+ 1)(r+3)  12(n+2)(n+3)

where a and b are constants to be found.

C))
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( A

2. Prove by induction that for all positive integers 7,
— "3n+l 2n+1 a0
f(n) = 291 + 3(5%1) o

e O

is divisible by 17 g

(6) =
=

e g

2

s

e 3
o

B

=4

m

B

q P E
B Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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3. f(z) =2"+ az® + 622 + bz + 65
where a and b are real constants.

Given that z = 3 + 2i is a root of the equation f(z) = 0, show the roots of f(z) = 0 on a
single Argand diagram.

®
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x
8. The line /| has equation Y =

The plane /7 has equationx — 2y + z =6
The line /, is the reflection of the line /, in the plane /1.

Find a vector equation of the line /,

(7
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Paper 1: Core Pure Mathematics 1 Mark Scheme

! ! = 4 + B > A=..,B=
(r0)(re3) (1) (r43) U Ml | 3.1a
Z":;z
— (r+1)(r+3) Ml )1
| I S B 1 1 1 1 '
- + - +..+—- + -
2x2 2x4 2x3 2x5 2n 2(n+2) 2(n+1) 2(n+3)
_l+l_ 1
476 2(n+2) 2(n+3) Al | 2.2
_5(n+2)(n+3)—6(n+3)—6(n+2)
- 12(n+2)(n+3) ML 1 LIb
_ n(5n+13)
S 12(n+2)(n+3) Al | Lib
3)
Alternative by induction:
1 a+b 1 1 2(2a+b)
n=l=—-= ,n=2=—+—=———
8 12x3x4 8 15 12x4x5 Ml 3.1a
a+b=18, 2a+b=23=a=....b=..
k
1 k(5k+13)
A forn= =
ssume true for n =k so ;(r+l)(r+3) 12(k+2)(k+3)
N 1 k(5k+13) 1
= + M1 2.1
i (r+1)(r+3)  12(k+2)(k+3) (k+2)(k+4)
k(5k+13) . 1  k(Sk+13)(k+4)+12(k+3)
R(k+2)(k+3) (k+2)(k+4)  12(k+2)(k+3)(k+4) Al |22
SK 433k +52k +12k+36  (k+1)(k+2)(5k+18) vi | L
12(k+2)(k+3)(k+4) 12(k+2)(k+3)(k+4) )
_ (kxD)(5(k+1)+13)
T 12(k+1+2)(k+1+3)
Sotrue forn=k+ 1 Al 1.1b
: 1 n(5n+13)
S =
? ;(r+l)(r+3) 12(n+2)(n+3)
3)
(5 marks)
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Question 1 notes:

Main Scheme

M1: Valid attempt at partial fractions

M1: Starts the process of differences to identify the relevant fractions at the start and end
Al:  Correct fractions that do not cancel

M1: Attempt common denominator

Al:  Correct answer

Alternative by Induction:

M1: Usesn=1andn=2 to identify values for @ and b

MI1: Starts the induction process by adding the (k + 1) term to the sum of k terms
Al:  Correct single fraction

M1: Attempt to factorise the numerator

Al:  Correct answer and conclusion
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Question Scheme N ET S ‘ AOs
2 When 7= 1, 2% +3(5*") =16+ 375 =391
Bl 2.2a
391 =17 x 23 so the statement is true for n=1
Assume true for n=kso 23 +3 (52’”1 ) is divisible by 17 M1 2.4
Fk+1)—f (k) =27 +3(57) =27+ —3(57*) Ml | 2.1
= 7x 2 1 7x3(57) +17x3(5%)
=7f (k) +17x3(5") Al | L1b
f(k+1)=8F(k)+17x3(5*") Al | 1.1b
If the statement is true for » = k then it has been shown true for
n=k+ 1 and as it is true for n = 1, the statement is true for all Al 2.4
positive integers n
(6)
(6 marks)
Notes:
B1:  Shows the statement is true for n =1
M1: Assumes the statement is true for n =k
M1: Attempts f(k+1) — f(k)
Al:  Correct expression in terms of f(k)
Al:  Correct expression in terms of f(k)
Al: Obtains a correct expression for f(k + 1)
Al: Correct complete conclusion
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3 z =3-2iis also a root B1 1.2
(z-(3+2i))(z-(3-2i))=...
or M1 3.1a
Sum of roots = 6, Product of roots = 13 = ...
=z"-6z+13 Al 1.1b
4 3 2 (.2 _ 2 —
(z +az’ +6z +bz+65)—(z 6z+13)(z +cz+5):>c-... Ml 3 1a
22+2z+45=0 Al L.1b
22 42z45=0=>z=... Ml I.1a
z=—1£2i Al 1.1b
A
Im Bl
3+£2i
(-1.2) G.2) Plotted | 110
\/ correctly
Re Blft
-1 + 1
P20y
(-1,-2) (3.-2) Plotted
correctly
(9 marks)

Notes:

B1: Identifies the complex conjugate as another root

M1: Uses the conjugate pair and a correct method to find a quadratic factor

Al:  Correct quadratic

M1: Uses the given quartic and their quadratic to identify the value of ¢

Al: Correct 3TQ

M1: Solves their second quadratic

Al: Correct second conjugate pair

B1:  First conjugate pair plotted correctly and labelled

B1ft: Second conjugate pair plotted correctly and labelled (Follow through their second

conjugate pair)
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8 2+44-2(4-22)-6+1=6=>1=... Ml | 1.1b
A=2=> Required point is (2+2(4). 4+2(-2), —-6+2(1))
Al 1.1b
(10,0, -4)
2+1-2(4-2)-6+1=6=1=... Ml | 3.la
t=3soreﬂectionof(2,4,—6)is(2+6(1),4+6(—2),—6+6(1)) M1 3.1a
(8,-8,0) Al 1.1b
10 8 2
0-|-8|=| 8 M1 3.1a
-4 0 -4
10 | 10 1
r=| 0|+k| 4| orequivalente.g. |[r—| 0[|x| 4(=0 Al 2.5
—4 -2 -4 -2
Q)
(7 marks)

Notes:

A

Al: Obtains the correct coordinates of the intersection of the line and the plane

M1: Substitutes the parametric form of the line perpendicular to the plane passing through
(2, 4, —6) into the equation of the plane to find ¢

M1: Find the reflection of (2, 4, —6) in the plane

Al:  Correct coordinates

M1: Determines the direction of / by subtracting the appropriate vectors

Al:  Correct vector equation using the correct notation

(8,—8,0)

(10, 0,-4)

M1: Substitutes the parametric equation of the line into the equation of the plane and solves for
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Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



Answer ALL questions. Write your answers in the spaces provided.
1. The roots of the equation
¥ —=8x2+28x—32=0
are a, ff and y

Without solving the equation, find the value of

oLil,l
a By

(i) (o + 2)(B + 2)(y + 2)

(i) o2 + B2 + 72
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2. The plane /1, has vector equation
r.3Gi—4j+2k)=5

(a) Find the perpendicular distance from the point (6, 2, 12) to the plane 7,

The plane I7, has vector equation
r=A2i+j+ 5Kk) +u(i—j—2k)
where A and u are scalar parameters.

(b) Show that the vector —i — 3j + k is perpendicular to /7,

(c) Show that the acute angle between /1, and I7, is 52° to the nearest degree.
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3. ()

2 a 4
M=|1 -1 -1
-1 2 -1

where a is a constant.

(a) For which values of a does the matrix M have an inverse?

Given that M is non-singular,

(b) find M in terms of a

(i1) Prove by induction that for all positive integers n,

0 1) e )
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7

4. A complex number z has modulus 1 and argument 6.

(a) Show that

1
z" + — = 2cosnb, nel'
z

(b) Hence, show that

1
cos*f = g(cos4¢9 + 4cos26 + 3)

2)

vauv SIHINT LM IONOd

SWINUNMIONOG vmvsWIMZmINoD

vauy
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y = sinx sinhx
4

d
(2) Show that ﬁ = —4y

C))

(b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form.

C))

(¢) Find an expression for the nth non-zero term of the Maclaurin series for y.

2)

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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6. (a) (i) Show on an Argand diagram the locus of points given by the values of z satisfying
|z —4-3i|=5
Taking the initial line as the positive real axis with the pole at the origin and given that

4
6 € |a, a + ], where oo = —arctan (g) ,
(i1) show that this locus of points can be represented by the polar curve with equation

r = 8cosf + 6sinf

The set of points 4 is defined by
A:{z:Oéargz g%}m{z:|z—4—3i| < 5}

(b) (i) Show, by shading on your Argand diagram, the set of points A.

(i1) Find the exact area of the region defined by A, giving your answer in simplest form.
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Paper 2: Core Pure Mathematics 2 Mark Scheme

1(i) a+pB+y=8, aB+pBr+ya=28 afy=32 Bl 3.1a
1 1 1 +ay+
1,1, 1 _Prroy+af Ml | Lib
a By afy
7
=— Alft | 1.1b
8
3
(ii) (a+2)(B+2)(y+2)=(af+2a+2B+4)(r+2) M1 1.1b
=afy+2(af+ay+Py)+4(a+pL+y)+8 Al 1.1b
=32+2(28)+4(8)+8=128 Al 1.1b
3
Alternative:
(x=2)" —8(x-2)" +28(x-2)-32=0 Ml | Llb
=.—8+..-32+4+...-56-32=-128 Al 1.1b
(a+2)(B+2)(r+2)=128 Al 1.1b
3
(iii) a2+,82+}/2:(a+,8+7)2—2(a,3+ay+,8}/) M1 3.1a
=8>-2(28)=8 Alft | 1.1b
2
(8 marks)
Notes:
(i)
B1: Identifies the correct values for all 3 expressions (can score anywhere)
M1: Uses a correct identity
Alft: Correct value (follow through their 8, 28 and 32)
(ii)
M1: Attempts to expand
Al:  Correct expansion
Al: Correct value
Alternative:
M1: Substitutes x — 2 for x in the given cubic
Al: Calculates the correct constant term
Al: Changes sign and so obtains the correct value
(iii)
M1: Establishes the correct identity
Alft: Correct value (follow through their 8, 28 and 32)
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2(a)
=18-8+24 Ml 3.1a
18-8+24-5
d= Ml 1.1b
=29 Al 1.1b
3
(b) -1\ (2 -1 1
=31 |= and | -3 |s| -1 |= M1 2.1
1)15 1){-2
—-13)(2 -1 1
=3 1[=0and | -3 -1|=0
s L 2o Al 2.2a
. —i—3j+k is perpendicular to /12
2)
(© -1)( 3
30| -4 |=-3+12+2 Ml 1.1b
1 2
JE1 +(=3) 41 (3) +(—4) +27 cosf =11
s cosd = 11 M1 2.1
JEI +(33) +12(3) +(—4) +2°
So angle between planes 6 =52°* Al* 2.4
3
(8 marks)
Notes:
()
M1: Realises the need to and so attempts the scalar product between the normal and the
position vector
M1: Correct method for the perpendicular distance
Al: Correct distance
(b)
M1: Recognises the need to calculate the scalar product between the given vector and both
direction vectors
Al: Obtains zero both times and makes a conclusion
(c)
M1: Calculates the scalar product between the two normal vectors
M1: Applies the scalar product formula with their 11 to find a value for cos €
A1*: ldentifies the correct angle by linking the angle between the normal and the angle between

the planes
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Question Scheme Marks AOs
3@ | M|=2(1+2)-a(-1-1)+4(2-1)=0=a=... Ml | 23
The matrix M has an inverse when a # —5 Al 1.1b
(2)
(b) 3 -2 1
Minors: | —a—8 2 a+4
4—a -6 —2-a
or B1 1.1b
3 2 1
Cofactors: | a+8 2 —a-4
4—a 6 -=2-a
1
M =—adj(M
] j(M) Ml | 1.1b
2 correct rows or
3 a+8 4—q columns. Follow Alft 1.1b
art —-a-4 -2-a All correct. Follow Alft 1.1b
through their detM )
4)
(ii) 30 3 0 3 0
Whenn=1, lhs = , rhs= =
6 1 3(3‘—1) 1] 6 1 Bl | 22a
So the statement is true for n =1
3 o) 3* 0
Assume true for n =k so = . M1 2.4
6 1 3(3-1) 1
3 O k+1 3k 0 3 0
= M1 2.1
6 1 3(3*-1) 1)l6 1
3x3F 0
= Al 1.1b
3x3(35 -1)+6 1
3k+1 O
= Al 1.1
(3(3"“—1) 1] b
If the statement is true for n = k then it has been shown true for
n=k+ 1 and as it is true for n = 1, the statement is true for all Al 2.4
positive integers n
(6)
(12 marks)
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Question 3 notes:

(i)(a)

M1: Attempts determinant, equates to zero and attempts to solve for @ in order to establish the
restriction for a

Al: Provides the correct condition for a if M has an inverse

(i)(b)

B1: A correct matrix of minors or cofactors

M1: For a complete method for the inverse

Alft: Two correct rows following through their determinant

Alft: Fully correct inverse following through their determinant

(ii)

B1:  Shows the statement is true for n =1

M1: Assumes the statement is true for n =k

M1: Attempts to multiply the correct matrices

Al: Correct matrix in terms of &

Al: Correct matrix in terms of k£ + |

Al:  Correct complete conclusion

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



Marks ‘ AOs

Question Scheme
4(a) z" +z7" =cosnf +isin nf + cosnf —isin nd Ml 2.1
=2cosnf* Al* 1.1b
(2)
(b) (z+27) =16c0s* 6 Bl 2.1
(Z+Z_1)4 =z 44722 +6+4z7+ 274 Ml 2.1
:z4+z'4+4(22+z'2)+6 Al 1.1b
=2c0s40+4(2c0s20)+6 Mil 2.1
cos* = é(cos 46 + 4cos 20 + 3)* Al* 1.1b
S
(7 marks)
Notes:
(a)

Al*: Achieves printed answer with no errors

M1: Identifies the correct form for z” and z™ and adds to progress to the printed answer

(b)

M1: Realises the need to find the expansion of (z + z’1)4

Al: Terms correctly combined
M1: Links the expansion with the result in part (a)
Al*: Achieves printed answer with no errors

B1: Begins the argument by using the correct index with the result from part (a)

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



S(a) j—y: sin x cosh x + cos xsinh x M1 I.1a
X
d2
— = cos x cosh x +sin xsinh x + cos x cosh x —sin xsinh x
dx Ml 1.1b
(=2cosxcosh x)
j{chosxsinhx—Zsinxcoshx Ml 1.1b
x
4
d—%:=—4sinhxsinx=—4y"‘ Al* 2.1
dx
4)
(b) d*y d’y dy
= 2’ = —8, = 32 .
dx? ), dx°® J, dx' ) BI 31a
2 3
Uses y = y, + xy/ +% ! +% y!'+ ... with their values Ml 1.1b
x2 xé xlO
6 10
—p2 X * Al 1.1b
90 113400
4
(c) n—1 x4n_2 3 la
2(—4) —— )
A T MEALT 524
(2)
(10 marks)
Notes:
(a)

M1: Realises the need to use the product rule and attempts first derivative

M1: Realises the need to use a second application of the product rule and attempts the second
derivative

M1: Correct method for the third derivative

Al*: Obtains the correct 4" derivative and links this back to y

(b)

B1:  Makes the connection with part (a) to establish the general pattern of derivatives and
finds the correct non-zero values

M1: Correct attempt at Maclaurin series with their values

Al:  Correct expression un-simplified

Al:  Correct expression and simplified

(c)
M1: Generalising, dealing with signs, powers and factorials
Al:  Correct expression
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Question Scheme Marks AOs
6(a)(i) -
M1 1.1b
®
Al 1.1b
Re
@) | |z-4-3] =52 |x+iy-4-3i=5= (x=4)" +(y-3)' =.. ML | 21
(x—4)2 +(y—3)2 =25 orany correct form Al 1.1b
(rcosz9—4)2 +(rsim9—3)2 =25
= r>cos’@—8rcos@+16+r’sin’@—6rsind@+9 =25 Ml 2.1
= 7> —8rcosf—6rsinf =0
S.r=8cosf +6sind* Al* 2.2a
(6)
(b)(i) m?!
B1 1.1b
Ro BIft | Llb
(L)) A=%j ﬁw:%j (8cos0+6sin ) do
| M1 3.1a
:5_[ (64cosz9+96sin9cos<9+36sin2 9)d9
:lj. (32(00529+1)+96sin9cos<9+18(1—00529))d¢9 M1 1.1b
2
:%j (14.c05 260 +50 +48sin 26)d 0 Al | 1.1b
1 . z 1 |[ 743 50
= [75in20+ 500~ 24 cos 26, :5{[7‘/_+T”+12J—(—24)} Ml | 21
U3 251 . Al | Llb
3
W)
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Question Scheme Marks AOs
(b)(ii) Alternative:
A

3

o_ B

Candidates may take a geometric approach e.g. by finding sector + 2

triangles
([ 2z 1, w2z
Angle ACB = 5 Jsoarea sector ACB = 5(5) =
| M1 3.1a
Area of triangle OCB =5X8X3
257
Sector area ACB + triangle area OCB = T+ 12 Al 1.1b
Area of triangle OAC:
2, 22_ Q2
Angle ACO = 27r—2—”—cos‘1 S8
3 2x5%5 M1 1.1b
so area OAC=1(5)2 sin| 2% _cos [ =L
2 3 25
25 4 =7 4 . (=7
sin——cos| cos™'| — | |- cos—sin| cos™ | —
2 3 25 3 25
2
A N ER T N O A R AV Ml | 2.1
2 50 2 25 4
Total area = 2L+l 8x 3+6+i
3 2
7‘/— 27 18 Al | Llb
3
(13 marks)
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Question 6 notes:

(a)()

M1: Draws a circle which passes through the origin

Al:  Fully correct diagram

(a)(ii)

M1: Usesz=ux+ iy in the given equation and uses modulus to find equation in x and y only

Al:  Correct equation in terms of x and y in any form — may be in terms of » and 6

M1: Introduces polar form, expands and uses cos” @ +sin” @ = 1 leading to a polar equation

Al1*: Deduces the given equation (ignore any reference to » = 0 which gives a point on the curve)

(b)()

B1:  Correct pair of rays added to their diagram

B1ft: Area between their pair of rays and inside their circle from (a) shaded, as long as there is an
intersection

(b)(ii)

M1: Selects an appropriate method by linking the diagram to the polar curve in (a), evidenced by
use of the polar area formula

M1: Uses double angle identities

Al:  Correct integral

M1: Integrates and applies limits

Al: Correct area

(b)(ii) Alternative:

M1: Selects an appropriate method by finding angle ACB and area of sector ACB and finds area
of triangle OCB to make progress towards finding the required area

Al: Correct combined area of sector ACB + triangle OCB

M1: Starts the process of finding the area of triangle OAC by calculating angle ACO and attempts
area of triangle OAC

M1: Uses the addition formula to find the exact area of triangle OAC and employs a full correct
method to find the area of the shaded region

Al: Correct area
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Answer all questions in the spaces provided.

10
A reflection is represented by the matrix [O J

State the equation of the line of invariant points.

Circle your answer.
[1 mark]




Find the equations of the asymptotes of the curve x* —3y° =1

Circle your answer.
[1 mark]

Turn over for the next question

Turn over »



1 2 -1 0
4 A= B=
1 k 0 1
4 (a) Find the value of & for which matrix A is singular.
[1 mark]

4 (b) Describe the transformation represented by matrix B.
[1 mark]

4 (c) (i) Given that A and B are both non-singular, verify that A”'B™" = (BA)™.
[4 marks]




4 (c) (i) Prove the result M"'N™" = (NM)™ for all non-singular square matrices M and N of the
same size.
[4 marks]

Turn over for the next question

Turn over »



6 (a) Use the definitions of sinh x and cosh x interms of ¢* and e™* to show that

X :% In (?j where ¢ =tanh x

[4 marks]

Question 6 continues on the next page

Turn over »



1
6 (b) (i) Prove cosh®x = " cosh 3x + %cosh x

[4 marks]




6 (b) (ii) Show that the equation cosh3 x =13 cosh x has only one positive solution.

Find this solution in exact logarithmic form.
[4 marks]

Turn over for the next question

Turn over »



10

7 (a)

He has two lights, which project narrow beams of light.

|

|

i T Plan view

. S o

! - D Not to scale

| B S

: -‘-H_‘-hh‘-“‘“-ﬁ

i :

i I

L 42m I

| |

| |

! 140 m 125 m i

|

| |

! 40 m I

| |

. 20m 2B |

! 10m |

%% ___________________________________________________ |
A

By creating a suitable model, show that the beams of light intersect.

A lighting engineer is setting up part of a display inside a large building. The diagram
shows a plan view of the area in which he is working.

One is set up at a point 3 metres above the point A and the beam from this light hits the
wall 23 metres above the point D.

The other is set up 1 metre above the point B and the beam from this light hits the wall
29 metres above the point C.

[6 marks]




11

7 (b) Find the angle between the two beams of light.
[3 marks]

7 (c) State one way in which the model you created in part (a) could be refined.
[1 mark]

Turn over »
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8 A curve has polar equation »=3+2cos &, where 0<60 <27

8 (a) (i) State the maximum and minimum values of r .
[2 marks]

8 (a) (ii) Sketch the curve.
[2 marks]

Initial line™
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8 (b) The curve r = 3 + 2 cos@ intersects the curve with polar equation r = 8cos?0,
where 0 < 0< 2n

Find all of the points of intersection of the two curves in the form [r, 6 ].
[6 marks]

Turn over »
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9 (a) Sketch on the Argand diagram below, the locus of points satisfying the equation
|z - 2| =2
[2 marks]

Im(z)
A

T I I | I T | I I — Re(z)
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9 (b) Given that |z - 2\ =2 and arg(z - 2)=- — , express z in the form a + b1,

wla

where a and b are real numbers.
[3 marks]

Turn over for the next question

Turn over »
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10 (a) Prove that

6+3i(r+1)(r+2) =(n+MNn+2)(n+3)
r=1

[6 marks]
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10 (b) Alex substituted a few values of n into the expression (n + 1)(n + 2)(n + 3) and made the
statement:

“For all positive integers n,
6+3) (r+1N(r+2)
r=1

is divisible by 12.”

Disprove Alex’s statement.
[2 marks]

Turn over for the next question

Turn over »
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11

The equation X —8x2+cx+d=0 where ¢ and d are real numbers, has roots «, B, y.
When plotted on an Argand diagram, the triangle with vertices at a, 5, y has an area of 8.
Given a = 2, find the values of ¢ and d.

Fully justify your solution.
[5 marks]
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5x% —12x + 12
xX° +4x -4

12 A curve, C, has equation y = f(x), where f(x) =
The line y = k intersects the curve, C1

12 (a) (i) Show that (k+3)(k-1) >0
[5 marks]

Question 12 continues on the next page

Turn over »



20

12 (a) (ii) Hence find the coordinates of the stationary point of C, that is a maximum point.
[4 marks]




21

1
12 (b) Show that the curve C, whose equation is y = % , has no vertical asymptotes.

[2 marks]

12 (c) State the equation of the line that is a tangent to both C, and C, .
[1 mark]

END OF QUESTIONS
Copyright © 2017 AQA and its licensors. All rights reserved.




MARK SCHEME — AS FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q Marking Instructions AO Mark Typical Solution
1 | Circles correct answer AO1.1b B1 y=0
Total 1
3 | Circles correct answer AO1.1b B1 1
y= iﬁx
Total 1
4(a) | Finds k=2 AO1.1b B1 k-2=0=>k=2
4(b) | States correct transformation AO1.2 B1 | Reflection in the y-axis
4(c)(i) | Finds product BA AO1.1a M1 -1 =2
Allow one slip BA =
1 k
_ 1 k2
. (BA) T_
Obtains inverse AO1.1b | A1F —k—(-2) [-1 -1
FT ‘their’ BA provided M1 awarded
A = 1 k -2
Finds A™ and B™ AO1.1b | B1 -2 |1 1
41 1 0
Obtains correct A™'B™" and shows that | AOZ2.1 R1 | B =71 lo —1

(k=2)x(-1)=2-k=-k—(-2)
thus completing verification

Must clearly show A~ x B~ method for
this mark — disallow if answer simply
stated

mp— 1
Sl T )

(—2x-1)+ o}

k+0
[(—1><1)+0 0+(-1x1)

That is the same as (BA)™

(Ba)" = ﬁ[i —21} A

5 of 18




MARK SCHEME — AS FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q Marking Instructions AO Mark Typical Solution
4(c)(ii) | Uses equation for identity AO3.1a M1 We require to demonstrate that:
from definition
(NM) x {M'N"} =1
Comences argument by AO2.1 R1 (NM) x M'N"'= N(M x M")N™"
manipulating the matrix
products within the equation =NIN"
with clear pairing
= NN’
Clearly demonstrates that AO2.4 B1
MxM'=TI used =7
Completes the argument AO2.1 R1
using rigorous reasoning with Using definition of matrix inverse and
definition of matrix inverse associativity of matrix multiplication
and associativity mentioned
Must see all working with Hence true for all non-singular matrices N
correct pairing of each matrix and M
with inverse
Total 10

6 of 18




MARK SCHEME — AS FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q Marking Instructions AO Mark Typical Solution
6(a) | Uses definitions of sinh x and cosh x to AO1.2 B1 . X_eTF
obtain expression for tanh x sinhx = 5
x_ e =X
Multiplies by e* AO1.1a M1 cosh x =
Obtains ¢ ** AO1.1b | Al | taphyx=2"F
e'+e”
Completes a fully correct argument by AO2.1 R1 Multiplying numerator and

demonstrating result by taking logs

This mark is available only if all previous
marks have been awarded

denominator by e”

e —1

1=
e +1

te*+t=e""—1
[or multiplies by e* in

te'+te =e" —e ]
1+t=e?(1-1)

8 0of 18
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Q Marking Instructions AO Mark Typical Solution
6(b)(i) | Expresses cosh 3x and cosh x in AO1.2 B1 e 4o 3
exponential form To be proven: ( j =
Seen anywhere in solution 2
1(63)( +e—3xJ+§(ex +e—x)
Expands LHS 4 2 4 2
FT ‘their LHS provided first M1 AO1.1a M1
awarded e et )
Allow one slip LHS > =
. .. 1
Slm‘pllfl_e’s and col_lects terms AO1.1a M1 (¥ +3e¥ e +3e .6 ) =
FT ‘their’ expression 8
Allow one slip
1 ((&x +e-3x>)+3 (e +e™)
Completes fully correct proof to reach 4 2 2
the required result AO2.1 R1 1 3
—cosh 3x +—cosh x =RHS
This mark is available only if all previous 4
marks have been awarded o
From the definition of cosh x
6(b)(ii) | Substitutes for cosh 3x in equation from | A03.1a M1 3 1 3
part (b)(i) (coshx)” = ris 13cosh x +Zcosh x
Allow one slip 3
(coshx)” —4coshx =0
cosh x[ cosh x)’ —4} =0
Obtains equation in cosh x and solves it | AO1.1a M1 ( )
Allow one slip
Solutions are
coshx =0,-2,2
Eliminates 0 and —2 with reason AO2.4 E1
solutions 0 and —2 are not
possible since range of cosh x>1
States correct solution in exact log form | AO1.1b A1
coshx=2= x :In(2+\/§)
Total 12

9 of 18
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Q Marking Instructions AO Mark Typical Solution
7(a) | Models light beams as straight lines | A03.3 M1 | Modelling beams of light as straight
and forms vector equations for i taking the oridi int A-
straight lines using a suitable origin INEs taKing the origin as point 2.
0 30 0
r,={0[+4|[125|-|0
3 23 3
Forms correct vector equation fora | AO1.1b A1
line. 0 30
Allow one slip =0 [+4]125
3 20
Forms correct vector equation for AO1.1b | A1 8 28 8
second line. ry=|10 |+ x| | 140 |- 10
Allow one slip 1 29 1
8 20
Forms equations for two AO3.4 M1 =10 |+ x| 130
components using ‘their’ model 1 28
FT ‘their lines
304 =8+20u
1254 =10+130u
Solves ‘their’ equations correctly AO1.1b A1F 3 1
FT ‘their’ lines A=—and yu=—
5 2
3 3 20=15
Checks with third component and AO2.1 R1 +gx B
concludes that the beams of light 1
intersect 1+Ex 28=15
This mark is available only if all .. Intersect

previous marks have been awarded

10 of 18
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Q Marking Instructions AO Mark Typical Solution
7(b) | Evaluates scalar product for | AO3.1a M1 30 20
their’ direction vectors. (PI) 125 le| 130 | = 17410
20 28
cosd) — 17410
Sﬁ;sle“'[(’;?“at'on to find AOTAa | M1 302 +1252 + 207 x~/202 + 1302 + 282
FT only if previous M1 cosd = 17410 — 0.9951
awarded V16925 x /18084
0 =5.6°
Obtains correct angle. AO1.1b A1
7(c) | States appropriate AQO3.5¢ E1 | Take account of the width of the beams.
refinement.
Total 10

11 of 18




MARK SCHEME — AS FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q Marking Instructions AO Mark Typical Solution
8(a)(i) | States max value for AO1.1b B1 Maximum value of r =5
States min value for r AO1.1b B1 Minimum value of » =1
(ii) | Draws simple closed curve enclosing | AO1.1a M1 T —
pole i ’
d \\\-\L
/ \
| y
Draws correct shape with dimple (not | AO1.1b A1 k \
cusp) when 6 == \
0l ?
/
\ f/’
\‘\\ Vi
L l'--_,i'
"~ -
(b) | Equates 3+ 2cos6 = 8cos?d AO1.1a M1 3+ 2cosf = 8cos?0
Solves ‘their’ quadratic equation 8cos’d —2cosf -3 =0
FT ‘their’ equation only if M1 has AO1.1a M1 (4cos® —3)(2cos8 +1)=0
been awarded
Obtains 2 values for 8 for each value cos@ = % cosf = _%
of cos @
FT ‘their equation only if both M1 AO1.1b ATF
marks have been awarded
Substitutes ‘their’ cos @ into a polar 9=0723 or —=
equation to find a value of r AO1.1a M1
FT ‘their cos& only if both M1 0=55 or —
marks have been awarded
Obtains both values of r correct for cos@ = 3 == 9
‘their’ cos @ yg|yes AO1.1b A1F 4 2
FT ‘their’ cos @ only if both M1 marks cosf = 1 — =2
have been awarded 2
: . 9
Deduces that four values for 6 exist | AO2.2a R1 Intersection points >’ 0.723 |,
and expresses points in required
form g ,5.56 |, z,ﬁ , Zﬂ
2 3 3
Total 10

12 of 18
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Q Marking Instructions AO Mark Typical Solution
9(a) | Draws ‘circle’ with centre 2 +0i | AO1.1a | M1 jl{“ ()
5
Ignore other features i
Draws circle passing through 7
(0, 0), (4, 0), close to (2, 2) and AO1.1b A1 -/_\
(2,-2) with Imaginary axis ———————— >Re (2)
tangential -5 ]
-5
(b) | Uses mod/arg forms AQ3.1a M1 P
z—2=2 cos(——)+ isin(——j
3
Substitutes exact values for cos | AO1.1a | M1 1 \/5
and sin =2l —+i| 2=
2 2
Allow one slip
=3-+31
Obtains result in exact form AO1.1b | A1 z \/_
Total 5

13 of 18
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Q Marking Instructions AO Mark Typical Solution
n n 2
10(a) | Splits up the sum into separate AO31a | M1 | 2(r+N)(r+2) =2 (*+3r+2)
r=1 r=1
sums Z:ar2 + Zbr+ (Zc) PI
= Zrz + Z3r+ 22
r=1 r=1 r=1
Substitutes for the two sums » #* | A01.1a | M1
r=1
n n n n
and 37 Szg(n+1)(2n+1)+35(n+1)+ D2
r=1 r=1
Allow one slip
= g(n+1)(2n+1)+3g(n +1)+2n
States or uses 21 =n Pl AO1.2 B1
r=1 n
Now 6+3) (r+1)(r+2)
r=1
Factorises out (n + 1) AO1.1a | M1
n n
=6+—(n+1)(2n+1)+9—(n+1)+6
Allow one slip 2(n )( 7 ) 2(n ) "
Simplifies AO1.1a M1
P Iz(n+1)(2n+1)+9—n(n+1)+6(n+1)
n 9n . 2 2
(n +1){E(2n +1)+?+6} to find
second linear factor from ‘their’
uadratic
q =(n+1){§(2n+1)+9?n+6}
FT ‘their quadratic provided all M1
marks have been awarded
2
Allow one slip = (n+1) (” +5n + 6)
Completes a rigorous argument to AO2.1 R1

show the required result

To obtain this mark factorising must

be clearly seen and all previous
marks obtained

= (n +1)(n +2)(n +3)
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Q Marking Instructions AO Mark Typical Solution
10(b) | Chooses a multiple of 4 for n and AO2.4 E1 When n =4,
obtains a correct numerical n
value/expression 6+3) (r+1)(r+2)=(5)6)7)
r=1
Clear argument with concluding AO2.3 E1 = 210 which is not a multiple of 12 so
statement Alex’s statement is false.
Total 8

15 of 18




MARK SCHEME — AS FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q | Marking Instructions AO Mark | Typical Solution
11 | Writes g and y in the form p tgi AO2.5 B1 | Realcoefficients = f=p+giandy=p-gqi
(seen anywhere in the solution)
Uses “sum of the roots = —b/a” AO3.1a| M1 a+f+y=38
together with a conjugate pair to =>2+p+qi+p-qi=8
determine the real part (p) of =2+2p=8
B andy =p=3
Uses ‘(their p)’ —2 and the area of AO3.1a| M1 (p-2)g=8
the triangle on an Argand diagram =>¢=8
to determine the imaginary parts of ImA
B andy g
5 7 » Re
41
Uses a correct method to find the AO1.1a| M1 p=3+8iandy=3-8i
value of ¢ or d using ‘their’ values of
pEqi
Obtains correct values forcand d. | AO1.1b | A1 | d=-ofy=-146
CAO c=Y apf=85
Total 5
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Q Marking Instructions AO Mark Typical Solution
12(a)(i) | Eliminates y AO1.1a M1 . 5x2 —12x +12
 xP+4x-4
Obtains a quadratic equation in AO3.1a M1 ) )
the form k(.x +4x_4):5.x —12x+12
Ax*+Bx+C=0,
Pl by later work (k—5)x" +4(k +3)x—4(k +3) =0 (A)
= k intersects C, so roots of (A) are
Obtains 5? ~4ac interms of kfor | AOT.4b | ATF | 7~ 1 @
‘their’ quadratic rea
FT ‘their quadratic provided first
M1 awarded 5
b*—4ac =
Obtains inequality, including = 0, | AO1.1a M1 )
where £ is the only unknown for [4(k +3)]" —4(k —3)(—4(k +3))
‘their’ discriminant
FT ‘their’ discriminant provided 2 _ >
both M1 marks have been 16(k+3) +16(k 5)(k+3)_0
awarded
16(k+3)(k+3+k-5)>0
Completes a rigorous argument to | AO2.1 R1 — (k i 3)(2k _2) >0
show that
k+3)(k—-1)=0
( . )( . ) . , = (k+3)(k-1)=0
This mark is available only if all
previous marks have been
awarded
12(a)(ii) | Obtains critical values AO1.1b B1 Critical values are —3 and 1
Deduces that k = -3 for AO22a | R1 | k<=3 (or k 21) satisfy inequality
maximum
For max pt, k=-3
Substitutes for k into ‘their’ AO1.1a M1
quadratic from (a)(i) _ ) )
FT ‘their quadratic only if first M1 Sub k=-3in (A) gives —-8x" =0
awarded in (a)(i)
Max pt of Cyis (0,-3)
States coordinates of max pt AO1.1b A1
NMS 0/4 CAO

Must be using (a)(i)
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Q Marking Instructions AO Mark Typical Solution
12(b) | Uses discriminant to determine AO2.4 E1 (_12)2 —4(5)(12)<0
solution
k+0
- 1
D_educes no vertlc_:al as_ymptotes AO2.2a R1 Denominator, 5x% —12x +12 of
with clear reasoning with reference f( x)
to denominator . .
is never 0 so C, has no vertical
asymptotes.
12 (c) | Obtains y =1 AQO3.2a B1 y=1
Total 12
TOTAL 80

18 of 18




Answer all questions in the spaces provided.

2
A vector is givenbya= | -1
-3

Which vector is not perpendicular to a?
Circle your answer.
[1 mark]




Use the definitions of cosh x and sinh x in terms of ¢* ande™ to show that
cosh? x — sinh2x =
[2 marks]

Turn over »



3 (a)

3 (b)

Given that
2 A n B

r+0r+2)(r+3)  (r+)(r+2) (r+2)r+3)

find the values of the integers 4 and B
[2 marks]

Use the method of differences to show clearly that

o7 1 .89
Z(r+10)(r +2)(r +3) 19800

[4 marks]




5 p(z)=z"+3z"+az+b, acR ,beR

2-3i is aroot of the equation p(z) =0

5 (a) Express p(z)as a product of quadratic factors with real coefficients.
[5 marks]

5 (b) Solve the equation p(z) =0.
[1 mark]




7 Three planes have equations,
x—y+kz=3
kx-3y+5z=-1
x-2y+3z=-4

Where £k is a real constant. The planes do not meet at a unique point.

7 (a) Find the possible values of &
[3 marks]




7 (b) There are two possible geometric configurations of the given planes.
Identify each possible configurations, stating the corresponding value of &

Fully justify your answer.
[5 marks]

7 (c) Given further that the equations of the planes form a consistent system, find the solution
of the system of equations.
[3 marks]

Turn over »



10

8 (a)

A curve has equation

Sketch the curve.

v

[4 marks]




11

5—-4x
1+ x |

8 (b) Hence sketch the graph of y =

[1 mark]

v

Turn over »



12

9

9 (a)

9 (b)

. . : y+2
A line has Cartesian equations x—p = =3 -z and a plane has
q
1
equationr. [ -1 | =-3
-2

In the case where the plane fully contains the line, find the values of p and g.
[3 marks]

In the case where the line intersects the plane at a single point, find the range of values
of p and q.
[3 marks]




13

, 1
9 (c) In the case where the angle 8 between the line and the plane satisfies sinéd = % and
the line intersects the plane at z=0
9 (c) (i) Find the value of g.
[4 marks]
9 (c) (ii) Find the value of p.
[3 marks]

Turn over »



14

10 The curve, C, has equation y =
cosh x
1
10 (a) Show that the x-coordinates of any stationary points of C satisfy the equation tanh x =—
X
[3 marks]

1
10 (b) (i) Sketch the graphs of y = tanh x and y =— on the axes below.
X

[2 marks]

\ 4




15

10 (b) (ii) Hence determine the number of stationary points of the curve C.
[1 mark]

2
10 (c) Show that d*y + y =0 at each of the stationary points of the curve C.

dx?

[4 marks]

Turn over »



16

sinh@ +1+cosh¢9=
1+cosh@ sinh@

2cothd

11 (a) Prove that

Explicitly state any hyperbolic identities that you use within your proof.
[4 marks]

sinhd  1+coshd . .
11 (b) Solve +— =4 giving your answer in an exact form.
1+coshé sinh@

[2 marks]




18

1 1 1 3n—1 3n—1 3n—1
13 Giventhat M=|{1 1 1|, provethat M"=|3"" 3" 3"'| forall neN
1 1 1 3}1—1 3}1—1 3}1—1

[5 marks]
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Marking Instructions AO Marks Typical Solution
Circles correct answer 5
AO2.2a B1 -1
3
Total 1
Recalls correct definitions of coshx | AO1.2 B1 s, (e Y (=Y
and sinh x coshx=sinh™x=| —— ] =3
_ e +2+e™ B e —2+e
B 4 4
Demonstrates clearly that _4
cosh’x—sinh’x=1 AG AO2.1 Ri 4
=1
Award only for completely correct
argument including expansion and
simplification
Total 2

5 of 23
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Q Marking Instructions AO Marks Typical Solution
3(a) | Forms identity using the AO1.1a M1
numerators from each side 2 4 B
(r+0D(r+2)(r+3) (r+NH)(r+2) (r+2)(r+3)
Obtains the correct values of 4 AO1.1b A1 =2=A(r+3)+B(r+1)
and B
= A=1,B=—1
(b) | Uses ‘their’ result from part (a) to 3 1 A N B
write fraction as sum of differences. U2y 2 2) (23
1 AO1.1a M1
Ignore — at this stage. i 1 3 1
2 S(r+D)(r+2) (r+2)(r+3)
1
Clearly shows step of cancelling of | AO2.4 M1 10x11
terms 1 1
— +
11x12 11x12
1 1
— +
Obtains correct two term difference 12x13  12x13
Ft ‘their’ values for 4 and B AO1.1b A1
provided that ‘their’ 4 = = ‘their’ B 1 1
— +
98x99 98x99
States that method of differences AO2.1 R1 —;
gives 99 X 100
97 1
X
;(r+1)(r+2)(r+3) v
10x11 99x100
so divides their answer by 2 to
obtain correct rational solution from 89
fully correct working AG = %
(If student merely divides by 2
without justification withhold this
mark) 2 1
S (r+D(r+2)(r+3)
1 89
=—X
2 9900
89
19800
Total 6

6 of 23




MARK SCHEME — A-LEVEL FURTHER MATHEMATICS - PAPER 1 - SPECIMEN

Q Marking Instructions AO Marks | Typical Solution
5(a) | Makes a correct deduction about AO2.2a B1
another root (PI) (z—(2-3i))(z—(2+3i))=z° -4z +13
Finds quadratic factor by expanding AO1.1a M1 B 2 )
brackets or using sum and product of P(2)= (2" ~4z+13)(z" + ez +d)
roots
(22 —4z+13) (22 +cz+d)=z" +32° +az +b
Finds a correct quadratic factor AO1.1b A1
c—4=0
Compares coefficients with quartic AO1.1a M1 13—4c+d =3
2 +32%+az+b —c=4,d=6
States the correct product of AO1.1b A1 N (.2 5
quadratic factors p(z)= (Z —4z+1 3)(2 +4Z+6)
(z—(2-3i))(z—(2+3i)) =z -4z +13
ALT | Makes a correct deduction about AO2.2a B1
another root -
p(z) = (22 =4z +13)(z%* +cz +d)
Finds quadratic factor by expanding | AO1.1a M1
brackets or using sum and product of (2" -4z +13)(2° +cz+d) =z +32° +az +b
roots
a+pB+y+6=0 = y+o=-+4
Obtains a correct quadratic factor AO1.1b A1l c=4
2 2
Uses coefficients/roots to set up AO1.1a M1 (Za) B Za * 22 5
equations and find required 0= Zaz +2x%x3
coefficients A2 A2 3 2
0=(2-3i) +(2+3i) +y*+5°+6
States the correct product of P+ =4
quadratic factors 2 9wy
AO1Ab | A1 | 28=(r+8) -r'+o

16—4
S=— "
A
~d=6

;(2;2(22—4Z+43)(22+4Z+6)

8 of 23
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Q Marking Instructions AO Marks | Typical Solution
(b) | States all four correct solutions AO1.1b B1F z=2+3i -2+ \/Ei
FT ‘their two quadratic factors from
part (a) provided both M1 marks
have been awarded
Total 6

9 of 23
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Q | Marking Instructions AO Marks | Typical Solution
7(a) | Uses an appropriate method for AO1.1a M1 1 1 k
finding the values of & ( for k -3 5/=0
example expanding appropriate 1 2 3
determinant) -
-3 5 |k 5 i k -3 0
Obtains a quadratic equation in £ | AO1.1a M1 2 3 + 1 3 + 1 -9
Obtains two correct values for & AO1.1b A1 143k =5+ k (=2 + 3)=0
—2k*+6k—4=0
k*—3k+2=0
(k—2)(k—1)=0
k=2or1
(b) | Selects an appropriate method to | AO3.1a M1 when &k =1
determine the appropriate xX—y +z=3
geometrical configuration and _ _
substitutes ‘their’ first value of k x—3y+5z=-1
xX—2y+3z=-4
Eliminates one variable or uses AO1.1a M1 —2y+4z=-4
row reduction y-27=7
Obtains a contradiction and AO2.2a R1 y=2z=2; y-2z=7
makes correct deduction about Hence equations are inconsistent and the
the geometric configuration three planes form a prism
(must have correct value for k)
when k=2
Substitutes ‘their’ 2™ value of k AO1.1a M1 x—y+2z=3
into selecteq method to Qetermine 2x—3y+5z=—1
the appropriate geometrical
configuration x—2y+3z=-4
Obtains a consistent set of AO2.2a R1 R,-2R,:—y+z=-7

equations and makes correct
deduction about geometric
configuration (must have correct
value for k)

R,-R,:=y+z=-7
Hence equations are consistent and the

three planes form a sheaf — they meet in
line

11 of 23
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Q | Marking Instructions AO Marks Typical Solution
(c) | Deduces that the planes must AO2.2a R1 xX—y+2z=3
z"lfzt in a line and hence that 2x—3y+5z=—1
x—2y+3z=-+4
=>-y+z=—1
Let
z=1
Then
y=A+7
and
x=3+y-2z
=3+4A+7-21
=-A+10
ALT
Selects method to find AO1.1a M1 1 1 1
solution: For example, sets x| 2 1=] -1
one variable = A, substitutes 5 3 4
and attempts to find other
variables in terms of 4 x 10 1
yi=|7|+4] -1
. z 0 -1
Fully states correct solution AO1.1b A1
CAO
Total 11

12 of 23
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Marking Instructions

AO

Marks

Typical Solution

8(a)

Indicates correct
coordinate or intercept
on x and y axes

AO1.1b

B1

Indicates correct
vertical or horizontal
asymptote

AO1.1b

B1

Sketches correct
shape of curve

AO1.2

B1

Draws fully correct
sketch including
intercepts and both
asymptotes marked

AO1.1b

B1

x=0
=y=5
=(0,5)

x=-1
Asx —>x©,y—>—4
y=—4

(b)

Draws sketch fully
correct including
shape at x-intercept
both asymptotes
marked

AO1.1b

B1

____________________________

Total

13 of 23
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for p

Q Marking Instructions AO Marks | Typical Solution
Let
9(a) | Uses an appropriate method for A=x—p y+2 3
. . . . = —_ == —-Z
ensuring the line lies in the plane AO3.1a M1 q |
then
X=A+p, y=qi-2,z=3-1
_ _ _ sub into equation of plane
Obtains equation(s) in p and ¢ AO1.1a M1 (A+p)-(qA-2)-2(3-2)=-3
AB-q)+(p-1)=0
this is true for all A
thereforep=1and g =3
ALT
Deduces the values of p and ¢ AO2.2a A1 vector equation of line is
p 1
r=-2|+4| ¢
3 —1
p
therefore| _2 | lies on the plane
3
p 1
-2 || -1|+3=0
3 —2
1 1
And | . | is perpendicular to | _q
—1 -2
1 1
therefore | ¢ || 1|70
-1 -2
—=>g=3and p=1
(b) | States that to have a solution the AO2.4 R1
coefficient of A in equation from ] ]
(a) cannot be 0
OR dot product must # 0 q || -1|#2#0=>¢g#3
-1){-2
Deduces the range of values for g | AO2.2a R1
Deduces correct range of values AO2.2a R1 p can take any value

14 of 23
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Q Marking Instructions AO Marks | Typical Solution
(c)(i) | Finds the correct scalar product | AO1.1b B1 1
of the normal to the plane and n=| -1| d=|gq
the direction vector ) 4
n.d=3-¢
Correctly deduces the value of AO2.2a R1
Cos o Let o be angle between the line
and the normal to the plane
. 1 1
Forms an equation connecting AO3.1a M1 sing = /6 = cosa = /6
all relevant parts using
n.d=n/|d cosé
| || ’ q—3=x/6\/q2+2x(i6J
2_ 2
Obtains correct value for g AO1.1b A1 (3 q) =q +2
- 7
=6g=7 glvmngg
(c)(ii) | Uses ‘their’ expressions for x AO3.1a M1 e po y+2 3,
and y and ‘their’ value for ¢ and P="7"7
the equation of the plane to form 6
an equation to find p
z=0=>x=p+3,y=15
Uses z = 0 to deduce R1 p+3) (1
expressions for x and y interms | AO2.2a 1.5 || -1|=-3
of pand g 0 2
=>p+3-15=-3
=-4.5
Obtains the correct value of p AO1.1b A1 - P
CAO
Total 13

15 of 23
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Q Marking Instructions AO Marks | Typical Solution
10(a) | Uses quotient or product | AO1.1b B1 I dy coshx—xsinhx
gueltrai\;c:ti?/t;tain correct " coshx - E - cosh?x
. _ dy
dy AO2.4 R1 Stationary point = ax =0
Clearly sets ‘their — X
dx coshx—xsinhx
numerator equal to 0 = =0

cosh?x
= coshx—xsinhx=0

Rearranges to complete | AO2.1 R1 sinhx 1
a rigorous argument to = coshx x
show the required result. 1
AG = tanhx=—
X

(b)(i) | Sketches tanh x correctly | AO1.2 B1
including asymptotes

1 AO1.2 . |
Sketches — -

X
correctly

(ii) | Deduces correct number | AO2.2a B1F 2 stationary points
of stationary points

FT ‘their sketch in (b)(i)
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Marking Instructions

AO

Marks

Typical Solution

10(c)

Finds the second
derivative

AO1.1a

M1

Obtains a correct
expression for the
second derivative

AO1.1b

A1

Deduces that the
second term is zero
by using results from
part (a)

AO2.2a

R1

Completes a rigorous
argument to show the
required result. AG

Mark awarded if they
have a completely
correct solution, which
is clear, easy to follow
and contains no slips

AO2.1

R1

d?y  cosh’x(sinhx —xcosh x —sinh x)
dx? cosh*x

2cosh x sinh x(cosh x — x sinh x)

cosh*x

second term is zero at stationary points
d’y B X

dx®*  coshx

2
=>—=+y=0
dx® 4

Total

10

17 of 23
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Marking Instructions

AO

Marks

Typical Solution

11(a)

Commences proof by considering
one side of the identity only: if
considering LHS combines terms as
a single fraction with a common
denominator.

If considering RHS writes coth 6 as
a fraction and introduces factor of
(1 + cosh 0 to both numerator and
denominator)

Note alternative valid approaches
include commencing proof by
considering LHS minus RHS or LHS
divided by RHS

AO2.1

R1

Explicitly states identity
cosh? - sinh? @ = 1 and uses it to
eliminate (or introduce) sinh? 6

AO2.4

R1

Factorises numerator and cancels
correctly for ‘their’ fraction

(if considering RHS rearranges
‘their’ numerator correctly into two
factorised expressions)

AO1.1b

B1F

Completes rigorous proof to obtain
result AG

Only award if they have a
completely correct argument, which
is clear and contains no slips.

AO2.1

R1

sinh @ N 1+ cosh@
1+ cosh& sinh@

_ sinh?0 +1+ cosh?@ + 2cosh &

(14 cosh@)sinh @

_cosh’@ +cosh’d + 2cosh @

B (14 cosh@)sinh @

1+ sinh?@ = cosh’@

_ 2cosh@(1+cosh®)

B (1+cosh@)sinh @
2coshé@

sinh@
= 2coth@

(b)

Uses result from part (a) to deduce

1
that tanh 0 = —
2

AO2.2a

R1

Uses natural log form and
substitutes correct value to obtain
correct exact form

AO1.1b

A1

2coth =4
1
tanh 6 = —
2

1 1
O=tanh’ — = —In3
2 2

Total
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Marking Instructions AO Marks Typical Solution
13 | Uses proof by induction and AQ3.1a M1 Using induction method,
investigates formula for n = 1 and Let P(n) be the statement
n = k (must see evidence of both gn-1 g1 gn-
n =1 and n = k being considered) M =| 31 3t gt
3n—1 371—1 3n—1
Demonstrates that formula is true | AO1.1b A1
forn=1 For n =1
3° 3° 3% 111
0 0 0|_ _ 1
States assumption that formula 30 30 30 =11 1=M
true for n = k and uses AO2.1 R1 3 3 3 T 11
M = Mx M ~P(1) is true
Assume P(k) is true
Deduces that formula is also true | AO2.2a R1 M = Mx M-
for n = k+ 1 from correct working 11 1 i I
=[1 1 1]x|3" 3 3
Completes a rigorous argument AO2.4 R1 1 1 1| | 3" gkt gk
and explains how their argument (since P(k) is true)
roves the required result. AG
P q G '+3 3y @3+ @
=[(@7+37 437 @+ @+l
@ +3 43y (34 @+
But
3143435 = 3x 3"
= 3k
3¢ 3 3
Hence M =|3* 3¢ 3¢
3¢ 3 3
3(k+1)—1 3(k+1)—1 3(k+1)—1
. Mk+1 _ 3(k+1)—1 3(k+1)—1 3(k+1)—1
3(k+1)—1 3(k+1)—1 3(k+1)—1
~P(k +1) is true
Since P(1) is true
and P(k)=P(k + 1),
hence, by induction, P(n) is true
forall neN
Total 5
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Answer all questions in the spaces provided.

ix ix
Given that z, = 4e 3 and z, = 2e*

state the value of arg (ﬁJ

Z3

Circle your answer.

7T
12

[1 mark]




Given that z is a complex number and that z* is the complex conjugate of z

prove that zz* — |z]* = 0
[3 marks]

Turn over »



3 The transformation T is defined by the matrix M. The transformation S is defined by the
matrix M. Given that the point (x, y) is invariant under transformation T, prove that (x, y)
is also an invariant point under transformation S.
[3 marks]




3 10 \where —m< 6<m

[4 marks]

Solve the equation z° =1, giving your answers in the form e

Turn over »



Find the smallest value 6 of for which

A
V2

(cos O+isin0)°=—=(1-1i) {#eR :6>0}

[4 marks]




Prove that 8" — 7n + 6 is divisible by 7 for all integers n > 0
[5 marks]

Turn over »



11

9 A student claims:

“Given any two non-zero square matrices, A and B, then (AB) '=B'A™"”

9 (a) Explain why the student’s claim is incorrect giving a counter example.
[2 marks]

9 (b) Refine the student’s claim to make it fully correct.
[1 mark]

Turn over »



12

9 (c) Prove that your answer to part (b) is correct.
[3 marks]




16

-1 2 -1
12 M= 2 2 -2
-1 -2 -1

12 (a) Given that 4 is an eigenvalue of M, find a corresponding eigenvector.
[3 marks]




17

12 (b) Given that MU = UD, where D is a diagonal matrix, find possible matrices for D and U.
[8 marks]

Turn over »



18

13 S is a singular matrix such that

a a X

detS=|(x—-b a-b x+1

2 2
X a ax

Express the possible values of x in terms of @ and b.
[7 marks]




19

14 Given that the vectors a and b are perpendicular, prove that

|(a+ 5b) x (a—4b)|=klal|b| , where k is an integer to be found.

Explicitly state any properties of the vector product that you use within your proof.
[9 marks]

Turn over »



20

1 1 1
15 (@)  Show that (1—Ze2‘9)(1—ze ”):%(17—&0329)
[3 marks]

S T RS B
15 (b) Given that the series ¢’ +Ze4’9 +Ee619 +ae8‘9 +.... has a sum to infinity, express

this sum to infinity in terms of ¢*

[2 marks]




21

=1 16cos20 -4
15 (c) Hence show that Z—_1 cos2nf =——
= 4" 17 —8cos 26
[4 marks]
15 (d) Deduce a similar expression for Z% sin2n6
n=1
[1 mark]

Turn over »



22

16 A designer is using a computer aided design system to design part of a building. He
models part of a roof as a triangular prism ABCDEF with parallel triangular ends ABC
and DEF, and a rectangular base ACFD. He uses the metre as the unit of length.

The coordinates of B, C and D are (3, 1, 11), (9, 3, 4) and (-4, 12, 4) respectively.

He uses the equation x — 3y = 0O for the plane ABC.

—4 4 0
He uses |r—| 12 | [x| =12 |=]| O | for the equation of the line AD.
4 0 0

Find the volume of the space enclosed inside this section of the roof.

[9 marks]
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Marking Instructions AO Marks | Typical Solution
Circles correct answer AO1.1b B1 T
12
Total 1
Defines generalised z and z* in AO1.2 B1 Let
Cartesian or polar form s —a+bi then z° =a—bi
* 2 . i\ / 2 2 2
Expands and simplifies zz* and |z]* | AO1.1b M1 2z 2| = (a+bi)(a-bi) ( a+b )
(at least one correct) = a” + abi—abi - (bi)* - (a® +b7)
=az+b2—(a2 +b2)
Completes a well-structured AO2.1 R1 =0
argument to prove the required
result. AG
Mark awarded if they have a 'E‘LT
completely correct solution, which ot
is clear, easy to follow and z=re'’ then z' =re™?
contains no slips
2z —|Z|2 =refre? —r?
— y2ei0-i10 _ ;2
=1 —1*
=0
Total 3

5 of 23
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Marking Instructions AO Marks | Typical Solution
Commences a proof by correctly AO21 R1 For an invariant point
setting up an equation using the X x
definition of an invariant point M =
y y
Pre-multiplies by M™". AO2.1 R1 | Pre-multiply both sides by M™"
“tan| ¥ X
MM =M
] _ y y
Uses M™'M =1 and concludes their | AO2.2a R1
rigorous mathematical argument to M'M = I hence
deduce that (x, y) is invariant
under S AG
y y
X
Therefore ( ) is invariant
y
under S.
Total 3

6 of 23
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Marking Instructions AO Marks | Typical Solution
Expresses i or z in polar form AO1.2 B1 i
1=e
1
) , i(Z42nm) |3 i(£+2ﬂ)
Uses de Moivre’s Theorem AO3.1a M1 z=|e =|le 6 3
Tt =« o
Finds three consecutive values for | AO1.1a A1 E,E’— E or —etc
6 —iE 17t @
z=¢ 286
Finds all three correct solutions for | AO1.1b A1
- ALT
z=¢"Y = z=cosf +isind
2% =i = cos30 +isin30 = i
..cos30 =0 and sin3@ =1
0= E,S—n,— z or 3—n etc
6 6 2 2
@ 4o 5w
z=1¢ 2,6 ®
Total 4

7 of 23
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Marking Instructions AO Marks Typical Solution
Uses de Moivre’s theorem AO3.1a M1 L 1 .
(cos&+ 1$|n6?)5 =—(1-1)
V2
. 1 .
Equates real and imaginary parts | AO1.1a A1 = €08 50 +isind6 = ﬁ(" —i)
and obtains two equations
1 . 1
cos50 =— sinb0=——
Deduces that the smallest possible | AO2.2a A1F \/5 \/E
value of 50 is i
(50=) 7
FT from ‘their’ equations provided 4
M1 has been awarded
0= Z_’;
Obtains the smallest possible value | AO1.1b A1F
of 8 from fully correct reasoning
FT from ‘their’ 56 provided M1 has
been awarded
Total 4

8 of 23




MARK SCHEME — A-LEVEL FURTHER MATHEMATICS - PAPER 2 - SPECIMEN

Marking Instructions AO Marks | Typical Solution
Uses proof by induction and AO3.1a B1 Let f{(n)=8"-7n+6
investigates the expression _ _
for n =0 and n = k (must f0)=1+6=7
see evidence of both n =0 = f(n) is divisible by 7 when n =0
and n = k being considered)
Consider n=k
Assume that f(k) is divisible by 7
Shows that statement is true | AO1.1b B1 f(k+1)=8"-7(k+1)+6
forn =0 £ (k+1)—8f (k) =56k -7 (k +1)+6—48
f(k+1)—8f (k) =49 —49
Commences argument by AO2.1 R1 f(k + 1) =8f (k) + 49(k a 1)
considering f(k+ 1) in =8f (k)+7(7Tk-7)
terms of f(k) - £(k +1) is divisible by 7 since (k)
is divisible by 7
Makes correct deduction AO2.2a R1 | Therefore
that i f(n) is divisible by 7 f(k) is divisible by 7 = f(k+ 1) is divisible
then f(n + 1) is also divisible by 7
by 7
Completes a rigorous AO2.4 R1 Since (0) is divisible by 7 and
argument and explains how f(k) is divisible by 7 =f(k + 1) is divisible
their argument proves the by 7
required result. AG then, by induction, f(n)=8"-7n+6 is
divisible by 7 for all integers n> 0
Total 5

9 of 23
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Marking Instructions

AO

Marks

Typical Solution

ALT

Let f(n)=8"-7n+6
f(0)=1+6=7
= f(n) is divisible by 7 when n=0
Considern =k
Assume that f(k) is divisible by 7
fk+1)=8"-7(k+1)+6
=8(8" ~7k+6)+8x7k—Tk—1-48
=8f (k) +49k - 49
=8f (k) +7(Tk-7)

. f(k +1) is divisible by 7 since f(k)

is divisible by 7

Therefore

f(k) is divisible by 7 = f(k + 1) is divisible
by 7

Since f(0) is divisible by 7 and

f(k) is divisible by 7 =f(k + 1) is divisible
by 7

then, by induction, f(n)=8"-7n+6 is
divisible by 7 for all integers n>0

Total

10 of 23
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Q Marking Instructions AO Marks Typical Solution

9(a) | Explains that the claim is incorrect AO2.3 E1 Statement is incorrect if either
as singular square matrices do not matrix is singular/has determinant
have inverses. equal to zero as the inverse will not

exist
2 2|,
Correctly gives an example of a AO1.1b B1 Eg 3 3|"® singular
singular matrix.

(b) Correctly refines the statement AO2.3 B1 Given any two non-singular
using ‘non-singular’ or equivalent square matrices, A and B, then
wording (AB)" =B7'A™

(c) Correctly recalls the inverse AO1.2 B1 A and B are non-singular so
property for matrices A and B inverses exist hence
(seen at least once)

A and B are non-singular so
inverses exist hence
Correctly uses associativity by AO2.5 B1
regrouping (seen at least once) (AB)YB'A Y =ABB A
=AIA™
=AA""
Correctly applies the identity AO2.1 R1 _
property throughout and concludes Since
their rigorous mathematical (AB) (B'1 A'1) _J
argument with no errors or
omissions Then
(AB)" =(B"'A™)
Total 6

14 of 23
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Q Marking Instructions AO Marks | Typical Solution
12(a) | Forms appropriate equation AO1.1a M1 1 2 _1la a
using MA =Av o o _ollplealp
-1 -2 -1f|l¢ c

Eliminates one variable AO1.1a M1 —5a+2b—-2¢c=0

2a-2b—-2c=0

Deduces a correct eigenvector | AO2.2a A1 —a—2b—5¢=0

3a+3c=0

1

eigenvectoris | 2

-1

17 of 23
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Q Marking Instructions AO Marks | Typical Solution
(b) | Forms the characteristic AO3.1a M1 B —1
equation of M 5 0%  —2 |=o0
-1 -2 -1-A
Obtains the correct AO1.1b A1
characteristic equation - (—1-D)[(2-2)(-1-1)-4]
unsimplified —2(-2-21-2)-1(—4+2-2)=0
3 —
Obtains roots and identifies AO1.1b A1F —A"+122+16=0
them as eigenvalues for ‘their’
characteristic equation (4-)(A*+44+4)=0
-(A+2)(1-4)(21+2)=0
Forms an appropriate matrix AQO3.1a M1 Ei | 4 2 o
equation using the eigenvalue Igenvalues are 4, -, -
-2
FT ‘their’ eigenvalue -1 2 1x X
2 2 2|ly|=-2|y
o -1 -2 1|z z
Expands and simplifies to AO1.1b A1F _
obtain a single equation in x, y x+2y-z=0
and z
FT ‘their matrix equation 1 al
provided both M1 marks have 0| and |1
been awarded 1 1
(4 0 0
Correctly deduces two linearly | AO2.2a A1 D=|0 -2 0
independent eigenvectors 0 0 -2
CAO -
1 1 1
U=|2 0 1
Correctly identifies that the AO1.2 B1F -1 1 1
matrix D must include 4 and -
‘their’ other eigenvalue(s)
Correctly identifies the AO1.1b A1F
corresponding U matrix from
‘their’ eigenvectors
Total 11

18 of 23
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Q Marking Instructions AO Marks | Typical Solution
13 Explains that detM=0 when M is AO2.4 R1 a a x
singular Sissingular =[x—-b a-b x+1=0
(Seen anywhere) 2 2w
0 a X
Seeks factor by combining rows or AO3.1a M1 detS=|x—a a-b x+1
columns to find a first linear factor for Pog? g2 ax
example C,'=C,-C,
0 a X
Extracts first factor correctly AO1.1b A1 =(x—a)| 1 a-b x+1
x+a Clz ax
Combines rows or columns to find a
second linear factor R,'=R; —aR, AO1.1a | M1 0 } .
detS=(x—a)| 1 a-b x+1
xX+a 0 0
Extracts second factor correctly AO1.1b A1
=(x—a)x+a)
a-b x+1
Completes expansion and obtains final | AO1.1b A1
factor =(x—a)(x+a)(a+bx)
(x—a)x+a)a+bx)=0
Deduces correct values of x AO2.2a A1F
FT ‘their factors
a
xX=a,—a,——
b
Total 7

19 of 23
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Marking Instructions

AO

Marks

Typical Solution

14

Uses vector product and expands
brackets correctly

AO1.1a

M1

Uses the correct notation and
correct order with the vector
product.

AO2.5

B1

Reduces the number of terms in
‘their’ expression by using
axa=bxb=0

AO1.1a

M1

and explains their reasoning
(must have clear statement that
axa=0)

AO2.4

E1

Uses -axb=Dbxa to collect
‘their’ terms together

AO1.1a

M1

and explains their reasoning
(must have clear statement that
—axb =bxa OE)

AO2.4

E1

Recalls correctly the formula for
the modulus of the vector product

(may see |a|x|b|sind or may see

|a|x|b|sin 907)

AO1.2

B1

Obtains|axb|=|a||b| since
vectors a and b are perpendicular

AO1.1b

A1

Completes a fully correct proof
giving an answer of 9|a||b|
CAO

AO2.2a

R1

|(a+5b)><(a—4b)|
=|axa-4axb+5bxa—20bxb|
=[0-4axb+5bxa-0|

since ais parallel to aand b is parallel to b
thenaxa=0and bxb=0
=|-4axb-5axb|

since axb=-bxa

=|-9axb|

=9Jaxb|

=9Jal|b|sin 90

=9alb|

Total

20 of 23
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Marking Instructions

AO

Marks

Typical Solution

15(a)

Commences an argument by
correctly expanding brackets and
simplifying final term to 1/16

AO1.1a

M1

Substitutes correctly for both
e’?and 27 interms of cos 20

and sin 26 (seen anywhere in
solution)

AO1.1b

B1

Completes argument and reaches
stated result by collecting terms
and simplifying correctly, no
errors in working seen AG

AO2.1

R1

1 . .
(1 _26219)(1 _%e—219)

:1_lezi9_l -2i¢ +i
4 16
17 1 . 1 .
=———(cos 20 +isin 20) ——(cos 20 —isin 20)
16 4 4

17 1
=———cos 260
16 2

=l(17—8005 20)
16

(b)

Identifies series as a geometric
series and states first term and
common ratio correctly

AO1.1b

B1

States and uses sum to infinity
formula correctly

FT incorrect values for first term
and common ratio

AO1.1b

B1F

Geometric series with first term » = e

, 1 5
and common ratio a = Ze”

21 of 23
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states the correct expression

Q Marking Instructions AO Marks | Typical Solution
(c) | Deduces that the series in part (¢) | AO2.2a R1 Series stated = real part of the series
is related to the real part of the sie 1V ae 1 6o 1 s
. e +—e""+—e" +—e"" +....

series in part (b) 4 16 64
Selects an appropriate method by | AO3.1a M1 Using result from previous p?rt
using the result in part (b) and 2i0 2i0 (1—-—e™%)
multiplying appropriately to © - ¢ X 4
realise the denominator 11 20 (1 _162i€) (1_16—2i9)

4 4 4

2i0 1
Substitutes to obtain an AO1.1b A1F © 2
expression with cosines and = 1 0 1
sines only — using part (a) (1—26 1 )(1—2e )
FT ir)correct sum to infinity cos 29_1 +isin 20
provided M1 has been awarded 4
113(17 —8cos 26)
Identifies the real part and AO2.1 R1 Real part =
correctly completes the argument 1
to reach the stated result. cos 26 - 2 16cos20-4
1 17—
Only award for an error-free fully — (17 —8cos 20) 17 —8cos 20
correct solution 16
(d) | Identifies the imaginary part and AO2.2a R1 Required series = imaginary part of the

given series hence

sin 26 16sin 260
1 (17 —8cos 260)
16

17 —8cos 26

Total

10
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Q Marking Instructions AO Marks | Typical Solution
16 | Uses the mathematical model to x=4tr-4
gggrg}ﬁe:{[gllé?f by first finding the y=12-12¢
To award this mark must see an AG34 M1 z=4
attempt to find coords of A, and an
attempt at volume of prism 4t-4-3(12-12¢)=0
Selects method involving both
equation of plane and equation of 40t-40 =0
I|r_1e to flnq coords of A_ AO3.1a M1 r=1
Either using parametric form or (O 0 4)
using cross product
Ignore sign errors OR
Either collects terms together and AO1.1b A1F X 0
solves to find value of parameter y|-112||x|-12|=|0
for ‘their’ equation 0
z
Or correctly calculates cross L
product for ‘their’ vectors 3y+4 0
y-12 |x| =12 |=| 0
Deduces the correct coordinates of | AO2.2a A1
A z-4 0 0
12(z-4)=0=z=4
-12(3y+4)-4(y-12)=0
Selects a correct approach to AO3.1a M1 —y=0,x=0
calculate the volume of the prism. A has coordinates (0,0,4)
3
Finds two sides of the triangle ABC | AO1.2 A1F B=|1
in vector form 7
FT ‘their A
9
C=3
Finds area of ABC FT ‘their A AO1.1b A1F 0
> - (2
Finds length of prism AO11b | A1F | ABXAC=| 63
FT ‘their A 0
Area ABC = 21\2/ﬁ
Gives their answer in context by AO1.1b A1F 0
correctly finding the volume of the d =410
roof with correct units. Volume =
FT ‘their’ prism - 21\2/ﬁ « 470 = 420 m®
Total 9
Total 100
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